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A multiple-year course in linear algebra at the advanced undergraduate and graduate level. The notes for
this section can be a bit too abstract for someone learning linear algebra for the first time, so I suggest
learning about groups, rings, and fields first.

1 Vector Spaces and Dual Spaces

Definition 1.1 (Vector Space)

A wvector space V over a field F (usually R or C) is a set of vectors that is algebraically closed under
the operations:
1. +:VxV —V
2. x:FxV —V
It is also an additive abelian group, with additional axioms. That is, given A\, u € F and v,u € V,
1. A+ p)v = v+ v
2. Mv4u) = v+ A
3. (Aw)v = Mpv) = p(iv)
Definition 1.2 (Vector)

A wvector is an element of a vector space.

Proposition 1.1 ()
There are no zero divisors of vector space V. That is,

AW=0= A=0o0rv=0 (1)

Proof.

MW=0 = M+l=0+ I = 2 v=X v = (2\— A)v =0. But A # 0, so v must equal 0.
This leads to a contradiction.

We now introduce some classic interpretations of vectors.
Example 1.1 ()

n-tuples of elements of a field IF, that is, in the form

(al,ag,...,an) (2)

are elements of a vector field, with vector addition and scalar multiplication defined component-wise.

Example 1.2 ()

The set of all arrows in space, with addition defined by the parallelogram rule and scalar multiplication
defined as the stretching/compressing of the arrow from the origin, forms the vector space of arrows.

We define some more vector spaces that are often used.
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Example 1.3 ()

The set of all polynomials of degree strictly less than n with coefficients in F defines a vector space
over F.

Definition 1.3 ()

A subset Y of a linear space X is called a subspace if sums and scalar multiples of elements of Y
belong to Y. Note that {0}, X are subspaces of X.

Definition 1.4 (Homomorphism, Linear Map)
Given vector spaces U, V over the same field F, a mapping f : V — U that has properties

flor+v2) = f(01) + flv2), flev) =cf(v),(c€F) 3)

is called a homomorphism. The set of all homomorphisms from V to U is denoted Hom(V,U). If f
is bijective, then f is called an isomorphism, and U is said to be isomorphic to V', denoted U ~ V.
Elements of Hom(U,U), denoted End(U), are called endomorphisms of U, and an endomorphism
of U that is also an isomorphism is called an automorphism. The set of all automorphisms of U is
denoted Aut(U).

1.1 Basis and Dimension

Definition 1.5 ()
A linear combination of j vectors vi,vs,...,v; of a linear space is a vector of the form

Cc1V1 + c2U2 + Cc3v3 + ... + ¢jV;,C1, -, Gy cF (4)

Definition 1.6 (Span)
The span of a collection of vectors vy, va,...,v; € V is the set
span{vy, ve, ..., vj } = {c1v1 + cav2 + c3v3 + ... + ¢jv; | 1, ..., c; € F} (5)

That is, span{vi, v, ...,v;} is the smallest subspace of V' that contains all vy, ..., v;.

It clearly follows that vq,...,v, span the whole space V if every vector in V can be expressed as a linear

combination of the v;’s.
Definition 1.7 (Linear Independence)
Vectors vy, ..., v; are linearly independent if
v +cava + vz + ...+ ¢jv; =0 = ¢1,...,¢; =0 (6)

They are linearly dependent if there exists nonzero ci, ..., c; such that the equality holds true, which
is equivalent to saying that there is at least one vector v;,1 < ¢ < j, such that it can be represented
as a linear combination of all the other vectors.
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Definition 1.8 (Basis)

A set of linearly independent vectors vy, ..., v, that span vector space V' is called a basis of V. These
vectors v; are called basis vectors. Note that this basis is not unique; it is actually highly un-unique.

Example 1.4 (Standard Basis)

The basis e; of F™ are the vectors with every element equal to 0 except for the ith element, which is
equal to 1.

Proposition 1.2 ()

Every possible basis of a vector space V has the same number of vectors.

Proposition 1.3 ()

Any maximal linearly independent subset {e1, e, ..., ex} of a set S is a basis of span S.

Definition 1.9 (Dimension)

The number of vectors in a basis of vector space V is called the dimension of V, denoted dim V.

Theorem 1.1 ()

Every n-dimensional vector space V over F is isomorphic to F”, the set of n-tuples of elements in F.

Corollary 1.1 ()

Vector spaces of the same field are isomorphic if and only if their dimensions are the same.

Example 1.5 ()

The field of complex numbers C, regarded as a vector space over R, has dimension 2. The algebra of
quaternions H has dimension 4.

Definition 1.10 (Hyperplane)

A (n — 1)-dimensional subspace of an n-dimensional space is called a hyperplane.

Definition 1.11 ()
The sum of subspaces Uy, Us, ..., U, C V, denoted
U1+U2+U3+---+Un (7)

is called the sum of the subspaces Uy, ...,U,. It is the set of all vectors that can be expressed as the
sum of vectors in each of its respective space. That is,

n n

ZUiE{ lui|ui€Ui} (8)

i=1 i=
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Definition 1.12 (Direct Sum of Spaces)

Given subspaces V1, Vs, ..., V,, C V where the intersection between two V;’s are pairwise disjoint, the
direct sum of the subspaces is the set of vectors that can be expressed uniquely as the sum of vectors
in each of its respective spaces. That is,

é}%{imlme%} )

Vi Vo ®...d YV, is also a vector space.

The crucial difference between the sum and the direct sum is that the direct sum requires the subspaces to
be disjoint except for at the origin, which allows the expression of each vector in V; @ ... ® V;, to be unique.
It is also worth noting that the Cartesian product of vector spaces is merely just the set of tuples of vectors
that are in each respective space and is not a vector space (since addition and multiplication is not defined
on that new set). If we define the operations component-wise, then

n

[[vi=>_v (10)
i=1 i=1
Note that we can also define the direct sum of spaces U and V' by their basis. That is, given that the basis

for U is {e;}j_; and the basis for V' is {f;}}_;, the basis for U & V is
{(e1,0), (€2,0), .., (€n, 0), (0, f1), -, (0, fm) } (11)

Proposition 1.4 ()

The dimension of the direct sum of vector spaces is
dm@V; = dimV; (12)
i=1 i=1

Proof.

This follows from the basis construction of the direct sum of V;’s.

Definition 1.13 (Congruence Relations on Vector Spaces)

Given vector space X and subspace Y we say that two vectors x; and x5 are congruent modulo Y,
denoted
1 =22 (modY) (13)

if ko3 — 21 € Y. This congruence is a relation, meaning that it is symmetric, reflective, and transitive
(elaborated in the abstract algebra chapter). The congruence classes {y} is the set of all vectors that
are congruent modulo Y to y.

Definition 1.14 (Quotient Vector Space)

The quotient space modulo Y, denoted X /Y, is the set of all congruence classes modulo Y. We can
define addition and scalar multiplication on this set as such

{z} +{v} ={z+y} (14)
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Proposition 1.5 ()

Given vector space X, Y a subspace of X. Then,

X
X~Y®— 15
o (15)

Vector spaces over one field can be interpreted as a vector space over another field. This is most common
when interpreting complex vector spaces as real ones. For example, given a complex vector space Z with
basis {z1, 22, ..., 2n }, €very vector can be expressed as

n
z= chzj, c; eC
j=1
We can set ¢; = a; + b;7 uniquely, with a,b € R, and rewrite
n
= a;z; +bi(iz)
j=1

= {z;} U {iz;} forms a basis of Z as a real vector space.

1.2 Dual Spaces
Definition 1.15 ()

A linear map is a homomorphism between vector spaces. That is, a linear map f : X — Y has the
properties

Yu,v € X f(u+v) = f(u)+ f(v)
Vu e X,ceF f(eu) =cf(u)
Definition 1.16 (Dual Space)

Given a vector space V over F, the dual vector space V* is the set of all linear maps that, given a
vector in V', outputs a scalar in F. That is,

V* ={llinear |l : V — F}

or equivalently,
V* = Hom(V, F)

The addition and scalar multiplication of V* is defined pointwise. That is, given I, m € V*,

1+ m)(z) = U(z) +m(2), (c)(z) = cl(z)
Theorem 1.2 ()

dmV =n = dimV*=n

While we initially view elements of V' as "things" and elements of V* as linear functions, this thought is
actually erroneous. Given [ € V*| we see that

1.V —F
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But since both V and V* are vector spaces, we can also see that given z € V, x is also a linear function
x:V* — F, where z(I) = l(z)

But this means that x is an element of V** the dual of V! This statement is elaborated with the following
theorem.

Theorem 1.3 (Canonical Isomorphisms of Double Duals)

V** is naturally, or canonically, isomorphic to vector space V. However, V is not naturally isomorphic
to V*.

Proof.

What we mean by natural is that we do not need to select a basis in either vector space to define the
isomorphism. We fix a vector [ € V*, and given = € V, ¢ € V** we define

This defines a one-to-one correspondence between V and V**. On the contrary, there is no way to
define an isomorphism between V' and V* without further structure on V.

It is important to be aware of this duality between elements x € V and [ € V*, and thus we should interpret
x € V as a linear function of V* and [ € V* as a linear function of V.

Definition 1.17 ()
Given a basis {ej, s, ...,e,} of V', the dual basis {f1, f2, ..., fn} of V* has vectors satisfying

0 i#]
1 i=j

file:) = by = {
where d;; is called the Kronecker delta function.

Definition 1.18 (Annihilator)
Let Y be a subspace of X. Then the set of functions in X* that vanish on Y, that is, satisfy
llyy=0forallyeY

is called the annihilator of Y, denoted Y. If Y = X, then it is easy to see that Y is trivial.

Theorem 1.4 ()

Given subspace Y of X
Y~ (X/Y)*

Proof.

The isomorphism is defined as such. Given | € Y, we define L € (Y/X)* as

L{z} = (z)
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Corollary 1.2 ()
dimY® + dimY = dim X

Corollary 1.3 ()

Theorem 1.5 ()

Let [ be an interval on R containing t1, to, ..., t, n distinct points. Then, given any polynomial p with
degree < n, there exist n real numbers ¢y, ca, ..., ¢, such that

/lp(t)dt = c1p(t1) + cap(tz) + ... + cap(tn)

called the quadrature formula suffices. That is, the integral of any polynomial over [ can be expressed
as a linear combination of the polynomials evaluated at n distinct points in [.
Proof.

The space of all polynomials with degree < n is an n-dimensional vector space, denote it V. We
define the basis of the dual space V* as

oi(p) =p(ts), 1 =1,2,...,n

with addition and scalar multiplication defined

(¢ +7)(p) = 6(p) + v(p)
(cg)(p) = co(p)

We can see that the ¢’s are indeed linear since, given p, q € R][¢]

¢i(p+q) = (p+q)(t:) = p(t:) + q(t;) = ¢i(p) + ¢i(q)
di(cp) = (ep)(ti) = cp(ti) = chi(p)

We claim that all the phi;’s are linearly independent. Assume that

n n
Z ci¢i(p) = Z cip(ti) =0
i=1 i=1
Since the ¢’s must be linearly independent for every polynomial p, set it equal to
qr(t) = H(t —t;), k=1,2,...,n
J#k

p = g must imply that all ¢;(p) = 0 for all ¢ # k, which implies that ¢; = 0 in the linear combination.
Repeating this for k = 1,2, ..., n results in all ¢; = 0, implying that the ¢;’s form a basis of V*. Clearly,
the function of definite integration over [ is a linear mapping from V' — R, meaning that it is in V*.
Therefore, it can be expressed as a linear combination of ¢;’s.
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2 Linear Maps

Remember that a linear transformation is just a homomorphism between vector spaces. That is, given linear
transformation T : U — V/,
T € Hom(U, V)

We can visualize all linear transformations as "transforming" the axes as shown below.

IR R

7L

Definition 2.1 (Image)

The image or range of T : U — V is the image of U under T, denoted ImT'.
ImT={T(u) |ueU}CV

The kernel or nullspace of T is the subset of U that is mapped onto 0, denoted kerT'.

kerT'={ueU|T(u) =0}

Example 2.1 ()
Let Uy be a subspace of U and given the quotient map
m:U— U/U;

Then,
kerm = Uy, Im7m = U/U;

Note that a quotient map is always surjective.

Theorem 2.1 (Rank Nullity Theorem)
Let T': U — V be linear. Then,
dimker T'+ dimIm 7" = dim U

This theorem is quite intuitive, if we visualize the map. We just have to realize that given a linear
transformation mapping from a n-dimensional V' to a m-dimensional U, every vector in V' will either
get mapped to 0 € U or will get mapped to a nonzero vector in U.

10/
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"2; ,";ku (dT) IR7' N
T

-~
>

e
T(v)= Tom (T)

Proposition 2.1 ()
Hom(U, V) is the vector space of linear mappings, with addition and scalar multiplication defined
(S+T)(z)=S(z) +T(x)
(cT)(x) = T'(x)
Definition 2.2 ()
The composition of linear functions, denoted with o, is defined
(S0 T)(x) = S(I(a))

Given T € Hom(U, V) and S € Hom(V, W), then SoT € Hom(U, W). For simplicity, we also denote
the composition as
SoT =8T

Proposition 2.2 ()

Composition is (right and left) distributive with respect to the addition of linear maps. That is,
(R+S)oT=RoT+SoT
To(R+S)=ToR+ToS

Definition 2.3 ()

An algebra A is a vector space with the additional operation of vector multiplication. That is, A is
closed under
c:AxA— A

An algebra is associative if multiplication is associative. That is, given R, S, T € A
Ro(SoT)=(RoS)oT

Note that multiplication is not necessarily commutative.

Proposition 2.3 ()

End(V) is an associative, noncommutative algebra.

LUE
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Example 2.2 ()

A rotation around any axis or a flip across any hyperplane is an element of End(R™).

Definition 2.4 ()
A projection mapping is a linear mapping P where

P=r?

Example 2.3 ()

Let P be an orthogonal projection mapping onto a subspace Y of X. Im P =Y, and ker P = Y- or the
span of vectors in X that are "orthogonal" to Y. Note that we haven’t actually endowed a structure
onto X to even define orthogonality yet, so this definition is purely visual and not mathematically
rigorous.

Example 2.4 ()

Reflections, projections, shears, and rotations are all linear maps. Differentiation and integration are
also examples of linear mappings.

Linear maps over vector spaces over different fields are generally not well defined since the definition of
homomorphisms do not cover the fields in which vector spaces are associated with.

Theorem 2.2 ()

Given A : V — U a linear mapping between vector spaces and b € U, all solutions to the equation
Axr = bis in a + ker A, that is, of the form

r=a+y, y€kerA

where x = a is one solution.

Corollary 2.1 ()

A linear map A is injective if and only if ker A = 0.

Definition 2.5 ()

The rank of a linear map A is the dimension of its image.

2.1 Factorization of Linear Maps
Definition 2.6 ()
Let ¢ : U — V be a linear mapping and let U; C U, V; C V be subspaces. Such that
pueVforallueU

Then, the linear mapping
p1: U1 — Vi, pr1u=p,,u €U

12/
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is called the restriction of ¢ to Uy, Vi. It suffices the identity
poiy =1ty oy

where iy : Uy — U, iy : Vi — V are canonical injections. Equivalently, we say that the diagram
below is commutative.
U—">V

wl W]

U, —= W
We can also define
p1 = i, Npiy
The construction of the restriction is an enormously helpful tool for many proofs and very useful for factoring
linear mappings.
Definition 2.7 ()
Given ¢ : U — V with quotient maps
my:U—U/U, 7y : V —V/W)
the induced mapping of the quotient spaces is the unique mapping @ : U/U; — V/V; such that
pomy =Ty o

or equivalently, the following diagram commutes.

U—*2 v

|7 |

U/U1 L F/F1

Theorem 2.3 ()

Every linear mapping can be written as the composition of a surjective mapping followed by an
injective mapping. That is, every A can be factored into

A= Aznj o Asurj

Proof.

We can induce a quotient mapping to construct a factoring of a linear mapping. We can define the
unique mapping
@:U/kerU — F

such that, ¢ = @ o 7wy, or that
v—2 v

v >
U/ ker ¢

commutes. Clearly, ¢ is injective since if it were not, pryz =0 — pr =0 = x € kerp =

13/EE
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myaz = 0. This also means that the restriction of ¢ to U/ ker ¢
@:U/kero — Imp

is a linear isomorphism. Thus, for any ¢, it can be written as @ o my, with ¢ injective and 7y
surjective.

Proposition 2.4 ()

Given F1y, F5 subspaces of E. Then,

Ei Ei1+Ep
EiNE;, Es5

In fact, they are naturally isomorphic.

Proof.

E; + E5 can be decomposed to F{ © (E; N Ey) @ EY, where E} consists of the subspace of vectors
x that can only be expressed as ¢ = x1,21 € F; and EJ are vectors that can only be expressed as
T = xg,x3 € Fy. Define the projection mapping

proj: E1 + Es —» Ei
Since By = E{ @ (E1 N Ey), we can define the natural isomorphism

Ey
KIEEHW, /Q.x:{x}

We now define the mapping ¢ : B — (E; + E3)/F5 such that
T = ©PIOj

given by the diagram
E, + B T, EritEs

B>
e
/ K Eq
E 1 E1NE>

Such a ¢ exists because proj is surjective and can thus be inverted. We now claim that ¢ is an
isomorphism. kerproj = kerm = Fy = k is injective. Given x = x1 + y + x2 € E; + F5 such that
x1 € El,y € E1 N Ey, 29 € E},

m(z) = m(v1 +y + 22) = 7(z1) = pproj(z1) = p(z1)

meaning that for every vector v € (E; + E3)/Es, it can be expressed as v = 7(z) = ¢(x1), meaning
that there exists a 27 € FE{ mapping to v under ¢ <= ¢ is surjective. So, ¢ is an isomorphism
— k! is an isomorphism.

14/ [09]
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Corollary 2.2 ()

In the special case when E; @ Es = FE, then the proposition states that

FE
F{~—
1 B,

Let fi1, f2, ..., fn be any n linear functionals of U. Define the subspace F' C E as
n
F= ﬂ ker f;
i=1

and define linear map
¢:U—F", ¢($) = (fl(x)’fQ(x)v 7fn(x))

= ker¢ = F. So, ¢ : U — F" defines the isomorphism

¢:U/F —Im¢

Proposition 2.5 ()

Given linear mappings ¢ : E — F, 1) : E — G such that

ker ¢ C ker v
Then there exists a map k such that
Y = ko
or equivalently, such that the diagram below commutes.
[
EFE— F

%

Now, we introduce the concept of exact sequences which is useful in the factoring of linear maps. Note that
exact sequences are used in group theory to factor transformation groups.

Definition 2.8 ()

A sequence of linear mappings

FHESLG
is exact at F if
Im ¢ = kery
Notice that if we have an exact sequence
0S5 EL G

then, 0 = Im ¢ = ker¢p = 1) is injective. If we have exact sequence

F&EY0

then, Imp =ker¢y = F = ¢ is surjective.
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Definition 2.9 ()

A short exact sequence is a sequence of the form

0 FSES G0

such that it is exact at F, E, and G. It is clear that the first and last maps are the zero maps. With
this definition, we can easily prove that

i) ¢ is injective

ii) v is surjective

iii) E/ImF ~ G

Example 2.5 ()

The sequence
0—-E SESE/E -0

is exact, where ¢ denotes the canonical injection and 7 the canonical projection. This example is the
only example of an exact sequence between vector spaces up to isomorphism.

Definition 2.10 ()

A commutative diagram of the form

0 RN SR L SN ) 0
J/Oé iﬁ Jf’y
P2 P2
0 F E, G, 0

where both horizontal sequences are short exact sequences and «, 3, are homomorphisms between
linear spaces is a homomorphism of exact sequences. If «, 3,7 are linear isomorphisms, then this is
an isomorphism of exact sequences.

Proposition 2.6 ()

A short exact sequence of vector spaces

0 FSES G0

is split if it essentially presents E as the direct sum of groups F and G. That is, there exists an
isomorphism of exact sequences.

0 F P1 P e 0

E
I
0—>F&F@G£>G%O

or equivalently, there exists an isomorphism between E and F & G.

16/
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Definition 2.11 ()

Given a short exact sequence
05 FSES G0

if there exists a map k : G — E, such that i o K = I, then the sequence is said to be a split short
exact sequence, written

05 FSESN G0

Proposition 2.7 ()

Every short exact sequence can be split.

Proof.

It will be proved later that 1 is surjective = 1 is left invertible.

Definition 2.12 ()
Given ¢ : E — E, a subspace E; C E is called stable
re b — prec k)
That is, the restriction of ¢ to E7, denoted
p: By — B
is well-defined. Clearly, Im ¢ and ker ¢ is stable, and the induced map
p:E/E; — E/F;

is a linear endomorphism of E/E;.

We end this subsection by defining the induced linear map from the direct sum of spaces.
Definition 2.13 ()

Given linear maps A; € End(V;) for i = 1,2, ..., n, the induced linear map

n n n
D i — D
i=1 i=1 i=1
is defined

(EB Ai)(@ T;) = @ Az

2.2 Invertibility and Transpose

We now introduce the concepts of left and right invertibility of linear mappings.

17/
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Theorem 2.4 ()

A linear mapping 7' : U — V, with dimU = n,dimV = m, is left-invertible. That is, there exists
linear S such that
ST =1

if and only if 7" is injective <= rank(7') = n. Linear T is right-invertible, that is, there exists linear
S such that
TS =1

if and only if 7' is surjective <= rank(7T') = m.

Proof.

We will only prove the case for left-invertibility. Right invertibility follows analogously.
(«) T is injective = rank(T) = dimU =dimImT. Let (ImT)’ exist such that

ImT® (ImT) =V

We define the isomorphism 5
T:V —ImT

and then define S. Given that v =w+w' € V, with w € ImT,w’ € ImT)’,
S:V—U S =T(v)
— ST(u) =T 'T(u)=u < ST=1.
(—) We prove the contrapositive. T is not injective =—> dimkerT > 0 = there exists 2 linearly

independent vectors z,y € U such that
Tr =Ty

Assume that a left inverse S exists. Then
x=8Te=5STy=y = z=y

leading to a contradiction = the left-inverse does not exist.

Definition 2.14 ()
The inverse of a linear map A, denoted A~! is a unique linear map satisfying
AA Y =A7tA=T

where I is the identity map.

Corollary 2.3 ()

A linear map is invertible if and only if it is an isomorphism.

We finally end this section by defining the transpose of a linear mapping.
Definition 2.15 ()

Given a linear mapping A : U — V, let there exist a certain ¢ € V*. Then, there exists a

corresponding [ € U* such that
l=pA

18/
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This mapping AT : V* — U* that assigns every ¢ to a corresponding [ is called the transpose of
A. Note that the transpose is canonically formed when defining any linear map. We do not need any
additional structure on U or V to define AT

U

A
£
l:gm

It is worth mentioning that A7 maps every element in the annihilator V° to an element in U°, but not
necessarily the other way around.

©

SRR

Theorem 2.5 ()

(Im A)° = ker A” or equivalently, Im A = (ker AT)°

3 Metrics, Norms, and Inner Products

Given a vector space V', we can induce different structures on it to allow us to conduct different measurements
on it. For example, the endowment of the basis structure on V allows us to represent vector as an n-tuple
of scalars. Some structures may induce other structures, such as the inner product inducing a norm or a
metric inducing a norm. We will begin by defining these structures. It must be further noted that in order
to induce such structures on V, its base field F must be ordered. We will treat F = C for the following
definitions.

Definition 3.1 ()
A metric on a vector space V over field C is a mapping

d:VxV —R

satisfying three properties

L d(z,y) = d(y,z)

2. d(z,y) >0, with d(z,y) =0 <= z =y

3. d(z,y) + d(y, z) > d(x, 2)
A metric allows us to define some notion of distance in V. A vector space V with a metric is called
a metric space, denoted (V,d).

Definition 3.2 ()
A norm on a vector space V over field C is a mapping
p:V—R

satisfying three properties

1. p(z) >0, with p(z) =0 < =0

2. For a € C, p(ax) = |a|p(x)

3. p(z +y) < p() + p(y)
A norm allows us to define some notion of a magnitude or length on each vector in V. A vector space
V with a norm is called a normed space, denoted (V, p).
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Example 3.1 (Absolute Value)

The absolute value function |- | : C — R is an example of a norm on the 1 dimensional space C.

Example 3.2 (Euclidean Norm, L,-Norm)
The Euclidean norm of a vector x = (1, 2, ..., t,)?T € R™ is defined
n 1
9 2
lelle = (322
i=1

This is the most commonly used norm in R™.

Example 3.3 (Taxicab Norm, Manhattan Norm)

The Taxicab norm of x = (1, 22, ..., 2,)7 € R" is defined
n

|l =) ||
i=1

Example 3.4 (Infinity Norm, L.,-Norm)
The Infinity norm of vector = = (1, 22, ...,2,)T € R" is defined

[|#]]co = max {[a1], |22, ..., |[zn]}

Example 3.5 (p-norm, L,-Norm)
Let p > 1 be a real number. The p-norm of a vector
z = (x1, %2, ..., 2,)° €R"

is defined

® 1
p
lellp = ( 3-a)
i=1
For 0 < p < 1, this function could be of some use, but it is not considered a norm since it violates
the triangle inequality. When p = 1 and p = 2, the norm is the Taxicab norm and Euclidean norm,
respectively, and
li AL =11 -
T [[+1lp = 11 Il

Definition 3.3 ()

A seminorm, or a pseudo-norm, has the same properties except that p(z) = 0 does not necessarily
imply that x = 0. That is, nonzero vectors can have norms of 0.
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Proposition 3.1 ()
Every norm induces a metric in the following way
d(z,y) = p(r —y)
However, a metric does not necessarily induce a norm because the definition
plw) = d(,0)

is not guaranteed to have all properties of the norm.

Definition 3.4 ()
An inner product on a vector space V over field C is a mapping
(,):VxV—0R

satisfying three properties

1. First Argument Linearity: (Ax + py, 2) = Az, 2) + u(y, 2)

2. Conjugate symmetry: (z,y) = (y,x)

3. (z,y) >0, with (z,y) =0 <= z=y
An inner product allows us to define some notion of an angle between two vectors in V. A vector
space V with an inner product is called an inner product space. Note that when the field is C, the

inner product is sesqui-linear, that is, linear with respect to the first argument and skew linear with
respect to the second. When R, it is bilinear.

The inner product of a vector space V over R is an element of V* ® V*. This concept of the metric tensor
occurs when studying Riemannian manifolds in general relativity.

Definition 3.5 ()
An inner product induces a norm in the following way

Izl = v (2, 2)

Theorem 3.1 (Schwarz Inequality)

For all x,y € V,
(@, )| < [l]]l|yl|

Example 3.6 (Dot Product)

Given vectors z,y € R™,

T Y1
T2 Y2 n
e N B B o
i=1
Tn Yn
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Example 3.7 (Integral Product)

Let C[a, b] be the space of all continuous real-valued functions defined over the interval [a,b] C R.
Given f,g € C%a,b],

b
(f,0) = / f(@)g(x)dz

is an inner product on C%a, b].
Theorem 3.2 (Pythagorean Theorem)

1]l + Iyl = [l + yl?
Theorem 3.3 ()

||lz]] = max (z,y)
llvlI=1

Definition 3.6 ()
Two vectors z,y of an inner product space are said to be orthogonal if

(z,y) =0

Note that the definition of orthogonality is dependent on the definition of the inner product. If the inner
product is defined differently, then orthogonality will be defined differently. In the case when the inner
product is defined to be the dot product, orthogonality is defined to be the "normal" perpendicularity
between vectors. We can further define subspaces to be orthogonal.

Definition 3.7 ()
Two subspaces Y, Z of inner product space Z are said to be orthogonal to each other if

(y,z) =0foreveryyeY,z€e Z

Definition 3.8 ()

Given a subspace Y of inner product space X, the orthogonal complement of Y, denoted Y, is
defined
reX|(zy) =0 Vyev}

which is the set of all vectors in X orthogonal to every vector in Y. Clearly, Y @ Y+ = X.

The concept of orthogonality also allows us to define orthogonal projections onto a vector or subspace.
Definition 3.9 ()

Let x € X and let Y be a subspace of X. Then x can be decomposed into the form z =y + z, y €
Y,z € Y+, The orthogonal projection of x onto Y is then defined as

projy (z) =y

Orthogonal projections are linear transformations.
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Proposition 3.2 ()

Given that x € R™ is projected onto a 1-dimensional subspace Y. The orthogonal projection of z
onto Y can be computed with the formula

Ly

pI'ij( ) ||y|‘2y

where y is an arbitrary vector in Y and - is the dot product in R™. Furthermore, for a k-dimensional
subspace Y, we can calculate the projection by first adding up the projections of x onto a set of basis
vectors of Y and then adding them up. That is, given basis ry, 79, ...,7% of Y,

k
projy (x Z proj,. ( Z

Theorem 3.4 ()

Every inner product space has a basis consisting of vectors that are pairwise orthogonal, called an
orthogonal basis. Furthermore, each vector in the orthogonal basis can be scaled to have magnitude
1, forming an orthonormal basis.

Proof.

The algorithm used to construct an orthonormal basis is called Grahm-Schmidt. We start off with
any basis, not necessarily orthonormal, of X, denoted {x1,z2,...,2,}. We first assign

T = ll
Then we take zo and find the orthogonal component (with respect to {1) with the equation
ly = x5 — proj;, (v2)

This creates an orthogonal basis for span{z1,25}. Then we take 23 and find the orthogonal component
(with respect to span{ly,ls}.

I3 =13 — pr0j11 (r3) — pr0j12 (z3)
This creates an orthogonal basis for span{z,xo, x3}. We repeat this process until we complete the
basis of X, using the general equation

k—1 k—1

Iy =z — Zprojlk(wk) =z —
i=1 i=1

Finally, we take these orthogonal vectors and normalize them to magnitude 1. Note that this algorithm
does not produce a unique orthonormal basis. Rather, it is highly un-unique.

Given that we have an orthonormal basis {r;}¥_, of subspace Y in R", we can more simply define

k
projy () = Y (x-r)r;

i=1

Theorem 3.5 ()

The inner product endowed on V induces a natural isomorphism between V and V*.
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Proof.

We fix y € V' and simply define the isomorphism to be.

I(y) = (z,y)

which defines a bijection between z € V and [ € V*.

Note that given vector spaces U, V, the set of all linear mappings A : U — V also forms a vector space.
More specifically, it is a rank (1,1) tensor product space. This means that we can define similar Euclidean
structures on them. The norm of a matrix is worth mentioning.

Note that the structures and concepts of metrics, norms, inner products, distances, magnitudes, orthogonal-
ity, and basis are not intrinsic properties of the vector space. So, we will not assume the existence of these
structures unless otherwise stated or explicitly implied.

4 Matrices

4.1 Representations of Linear Maps

We now describe the construction of the matrix realization of a linear map from V' — U. In order to do
this, we must define a basis for each V and U. If V = U, then we usually define the same basis for both the
domain and codomain.

Let the basis for U be {u1,ua,...,u,} and the basis of V' be {v1,va,..., v, }. In fact, the assignment of this
specific basis is a linear map in of itself. That is,

i:U—F" i(ug) = eq
j5V—>Fm7 j(Uﬁ):eﬁ

However, we do not usually include this transformation in the notation. We just denote i(u) as u and j(v)
as v. Every vector u € U can then be represented as a linear combination

n
u = E CjUj
j=1

By linearity of the mapping A: U — V,

n n
Au = A(ZCjUj) = ZCJAUJ
j=1 j=1
This means that A can be completely, uniquely determined by defining how it maps the n basis vectors
u; € U, that is, by defining the values
Auy, Aug, ..., Aup_1, Auy,

Each Au; will be an element of V', which means that Au; can be decomposed into the linear combination of
v;’s. That is,

m
A’U,j = E QA5Vq, j: 1,2,...,’[1
i=1

We are done. Given the basis of the domain and codomain, the elements a;; are precisely the entries of the
m X n matrix (1 <i<m,1<j<n).

C1
by a11 a2 ... QGin o
bo a21 a2 ... QG2pn c
v=Au <= = ) . . ) 3
bm Am1 am2 Amn
Cn
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It is important to note that the matrix is not A in of itself. In the most rigorous sense, the matrix A is
really just equal to the composition of mappings j ! Ai, but for simplicity it is just written as A. It is just
one representation of a linear map given the two bases of the domain and codomain. Furthermore, as soon
as one writes down a matrix to represent a linear map, they are automatically assuming some choice of basis
given by 7 and j.

Definition 4.1 ()

The algebra of n x n matrices over field F, denoted Mat(n, F), is defined with regular matrix addition
and multiplication.

Furthermore, we can define the mapping between linear operators 7' : F* — F™ and m X n matrices (given
that there is a basis for both F™, F™.

Definition 4.2 ()
The linear mapping between the algebras
p: Hom(F",F™) — Mat(m x n,F)
is a multiplicative group homomorphism. This mapping that assigns abstract group elements of linear

mappings to matrices is called a representation.

Proposition 4.1 ()

Mat(n,F) ~ End(F™)

Proof.

A matrix is completely determined by the basis mapping i. By definition, a linear mapping over F is
a basis mapping if and only if it is an element of End(F").

Note that the composition operation in the algebra of linear operators is realized as the operation of matrix
multiplication. These are two distinct operations that are related only through the basis mappings 7 and j.

Example 4.1 ()

Let o : R? — R? be the linear transformation of the counterclockwise rotation by # and 3 : R2 — R?
be the counterclockwise rotation of ¢. Then the matrix representation of oo 3 is

cosf) —sinf\ (cos¢p —sing
sinf  cosf sing  cos¢
_ (cos@cosqﬁ—sin@sinqﬁ —sin¢cos€—cos¢sin0)

sinf cos ¢ + cosfsin¢ — sinfsin ¢ + cos 6 cos @

But the counterclockwise rotation by € and then ¢ is really just a counterclockwise rotation by 6 + ¢,
which has the matrix representation

(cos (0+¢) —sin(0+ (;5))
sin (0 + ¢) cos(0+ ¢)

Since both matrices must be equivalent, this produces the trigonometric identities for angle addition.

sin (6 + ¢) = sin 6 cos ¢ + cos @ sin ¢
cos (0 + ¢) = cosf cos ¢ — sin O sin ¢
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Proposition 4.2 ()

Given mappings A; € End(V;) for ¢ = 1,2,...,n, the matrix representation of the induced linear
mapping A; & A; @ ... B A, is the block matrix

Ay
A2 n n

:@Vi—)@vi

=1 i=1

Ap

4.2 Change of Basis
Definition 4.3 ()

A linear transformation A that maps every vector from U to a vector in V' is called an active transfor-
mation. However, a passive transformation, or a change of basis transformation, linearly transforms
the set of basis vectors to another set of basis vectors within the same space. That is, a passive
transformation takes the components of a vector v with respect to basis {ej,es,...,e,} and merely
represents v with respect to another set of basis {f1, fo, ..., fn}-

It is obvious that a passive transformation in V' is an element of End(V). But note that an element of
End(V) could be interpreted both as a passive and active transformation. Usually, the context will make it
clear whether we are interpreting a transformation as passive or active. We now provide the construction of
the change of basis.

Suppose e1,ea, ..., e, is a basis for vector space V and f1, fa, ..., f is another basis for V. So, every basis
vector f; can be presented as a linear combination of the old basis vectors.

n

fj = Z Sij€i for all i, J

i=1

A general vector x € V' will transform as such

T = Zyjfj for y1,y2,... € F

J

= Zijijei
4,J

= Z (ZSijyj)ei
( J

= ZCEZ‘BZ‘ —— T; = Zsijyj
i

(16)

J

Similarly to the process of how we constructed matrix representations of linear operators, this process makes
it clear that s;; are the entries of the n X n matrix representation of the passive mapping S. The final line
of the equation above can be expressed, in terms of matrices, as

T U1

T2 Y2
= S

Tn Yn

This is a change of basis, since both the coefficients x; and y; represent the same vector x in V', but through
a different basis determined by S. Note that S must be an invertible matrix since we are mapping bases to
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bases. So, given that x = Sy, if Ax = b is a matrix equation, then
Az =0 = ASy =8V — S 'ASy =1V

where b’ is the set of new coefficients for the vector with respect to the basis induced by S. This leads to the
concept of matrix similarities. We once again note that whenever we create a matrix as an m X n entry of
numbers, we are intuitively fixing a basis (not necessarily orthonormal, even) for the vectors that the matrix
is transforming on. For example, the matrix A in 3y’ = Az’ transforms the vector x’ with respect to the basis
which 2’ is in, i.e. the basis €}, €}, ..., e],. This transformation is not the same if it were to act on the vector

e
x, which is determined by the basis eq, e, ..., €,,. Therefore, we must also "change" the matrix A acting on
2’ in order to account for the change in basis from z’ to z. This change is

A— B=SAS""!

where matrix A represents the transformation with respect to basis formed by the column vectors of .S, and
B represents the same transformation with respect to the basis formed by the column vectors of S~1.

Definition 4.4 ()

Two matrices A and B are similar if and only if there exists an invertible matrix S such that
B = SAS~!'. A and B both represent the same transformation 7" but merely in different bases. Matrix
similarity is a relation that partitions the n2-dimensional matrix algebra Mat(n,R) into similarity
classes.

4.3 Solving Systems of Equations
Definition 4.5 ()
Fix a field F. A linear equation with variables 1, s, ..., x, is in the form
a121 + asxo + azxs + ... + apxy, = b (17)

where the coefficients a; and the free term b belong to F. If b = 0, then (3) is called a homogeneous
equation and if b # 0, then it is called a inhomogeneous equation.

A system of m linear equations with n variables has the following general form

a1y + a12x9 —+ ...+ ALy = bl
2171 + G22T2 + ... + A2, T, = by

Am1Z1 + oo + ... + QT = bm

By matrix multiplication, this system is equal to the matrix equation Az = b.

a1 a2 NN A1n b1
Z2

a1 a9 N A2, b2
T3 | =

Gml Am2 ... GOGmn bm
T

That is, given a linear transformation A : F* — F™ and a vector b € F™, we must find the preimage of
b under A. Clearly, x is a solution of this matrix equation if and only if it is a solution of the system of
equations.

We can interpret this matrix equation in two ways. First, we introduce the hyperplane interpertation. The
solution to each linear equation of n variables represents an affine hyperplane in F”. Therefore, the solutions
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to the system of m linear equations is simply the intersection of the m affine hyperplanes of dimension n — 1
within R™. That is, = is a solution of Az = b if and only if

m n
x € ﬂ {(wl,xg,...,xn) | Zaijxj = bi}
i=1 j=1

The column space interpretation presents Ax = b in this equivalent form.

a a2 a1n by

a21 a2 a2n bo
T . + xo . +...+z, . =

Am1 Am?2 Amn bm

That is, the solutions z1,xs, ..., x, are precisely the coefficients of the linear combination of the column
vectors of A that add up to vector b. Equivalently, it is the realization of vector b with respect to the
coordinate system of the column vectors of A. Note that the column space need not be a basis of F™. It
does not need to be linearly independent nor does it need to span F”.

Definition 4.6 ()

The matrix A under the system is called the coefficient matriz and the matrix

a1 a2 ... Gin by
‘ I | ‘ as1 a22 600 Qa2q, b2
A=|a; ay .. a, b]| =
[ B
Gmil Gm2 - QGmn  bm

is called the extended matriz.

Definition 4.7 ()

A system of equations is called compatible if it has at least one solution and incompatible otherwise.

Definition 4.8 ()

An elementary transformation of a system of linear equation is one of the following three types of
transformations

1. adding an equation multiplied by a number to another later equation

2. interchanging two equations

3. multiplying an equation by a nonzero number

Definition 4.9 ()

An elementary row transformation of a matrix is one of the following three types of transformations
1. adding a row multiplied by a number to another later row
2. interchanging two rows
3. multiplying a row by a nonzero number

Clearly, these two definitions are equivalent since every elementary transformation of a system has a corre-
sponding row transformation in its extended matrix. Given the ith row of a matrix, a "later" row means the
jth row, where j > 4. Defining property (i) to add to a later row does not actually restrict where we can
add rows to, since property (ii) allows us to add any scalar multiple of any row to any other row. We define
it this way for future convenience in defining the LU P Decomposition.
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Definition 4.10 ()

The elementary transformations on a m X n matrix A is equivalent to left matrix multiplication by
the following m x m matrices. Due to the following difficulty in presenting these matrices in a general
form, we present them in the specific 4 x 4 case and hope that the reader can extrapolate this process
to general matrices.

1. Adding row i multiplied by scalar « to row j (where j > i) is denoted E.

axitje The matrix is
the identity matrix with « in the (j, ) position.

1000 1 0 00
2 1.0 0 0 1 00
Baare= g o 1 0| Praxea=[o o 1 0
000 1 0 -3 0 1

2. Interchanging the ith and jth row is denoted by matrix Efj Note that these are permutation
matrices, or more speficially, transpositions.

1000 1000

2 [0 0 1 0 2 |0 0 0 1

Eas = 010 0])" Bau = 0010

0 0 01 01 00

3. Multiplying the ith row by a scalar « is denoted by matrix E3 ..

1000 70 00
3 (0 1 0 0 3 _ (0 1 00
Eixs = 00 3 0]° Erxa = 0 010
0 0 01 0 0 01

Proposition 4.3 ()

Each elementary matrix is invertible and their inverses are also elementary matrices. More specifically,
L. (Ehxiyj) " = EL 4xiy; (same matrix but o changed to -a)
2. (Ef;)' = E}; (same matrix)

3. (Egxi)™" = E{1 /a)x; (same matrix but o changed to 1/a)

axXt

Elementary column operations of are equivalent to right multiplication of matrices.

Definition 4.11 ()

The pivot of a row (ay,as, ..., a,) is its first nonzero element. If this element is ax, then k is the index
of the pivot.

Definition 4.12 ()

A matrix is in Echelon form, or row Echelon form, if
1. the indices of the pivots of its nonzero rows form a strictly increasing sequence, like steps
2. zero rows, if they exist, are at the bottom
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Thus, a matrix in Echelon form is in form

aljl * *
0 agj, * *
0 0 *
0 0 0 ayy,

0 0 e 0 0

where #’s represent arbitrary numbers, a;;,’s are nonzero (with indices j;, and the entries to the left
of below them are 0. Property (¢) also states that j; < ja < ... < j,. Let us denote the Echelon form
of matrix A as ref(A).

Theorem 4.1 ()

Every matrix can be reduced to step form by elementary row transformations.

Proof.

The relevant algorithm used will not be shown here, but we will mention that this procedure is called
Gauss Elimination, or row reduction.

The computational efficiency of Gauss Elimination is well known. Solving a system of n equations with
n variables with this algorithm requires approximately 2n3/3 operations, meaning that it has arithmetic
complexity of O(n?). However, for matrices of large order, multiple problems can occur.

The algorithm generally does not have memory problems if the field is finite or if the coefficients are floating-
point numbers. However, if the coefficients are integers or rational numbers, the intermediate entries of
the algorithm can grow exponentially large, so bit complexity is exponential. However, there is a variant
of Gaussian elimination, called the Bareiss algorithm, that avoids this problem, but has bit complexity of
O(n®). Another problem is numerical instability, caused by the possibility of dividing by numbers very close
to 0. Any such number would have its existing error amplified. Gaussian elimination algorithm is generally
known to be stable for positive-definite matrices.

Under the column space interpretation, Gaussian Elimination is really just an algorithm that performs a
change of basis in steps. Each elementary operation simultaneously changes all of the vectors of the column
space in such a way that eventually, this set of vectors will be "nice-looking" with a lot of zero entries. Under
the hyperplane interpretation, it is a bit harder to visualize, but it is sufficient to say that each elementary
operation either "stretches/compresses" (iii) a hyperplane or it "rotates" (i) the hyperplane around the axis
where the solution exists. Either way, the intersection between the hyperplane and the set of solutions do
not change.

Definition 4.13 ()

A system of linear equations is said to be in step form if its extended matrix is in Echelon form.

Definition 4.14 ()

A matrix is in reduced row echelon form, denoted rref(A), if
1. it is in row echelon form
2. the pivots are all equal to 1
3. each column containing a pivot has zeros in all other entries
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Theorem 4.2 ()

Every matrix can be reduced to reduced row echelon form by elementary row operations.

Proof.

We will briefly describe the method to do this. We first reduce matrix A to step form. Then, we
perform the algorithm known as back substitution, where we start with the bottom row and use
elementary operations to cancel out terms in upper rows.

Definition 4.15 ()

A system of linear equations is said to be solved if its extended matrix is in reduced row echelon form.

Definition 4.16 ()

A matrix is called lower triangular if a;; = 0 for + < j. It is called upper triangular if a;; = 0 for
i > j. A square matrix is diagonal if a;; = 0 for ¢ # j.

Proposition 4.4 ()

Elementary operations on either a system of linear equations or its extended matrix does not change
its solutions.
Proof.

It is easy to see this is true when performing the computations with the three transformations. We
can prove this more abstractly (tbd): Given the system Az = b with x € F" b € F™. We see that
A € Mat(m xn,F) = A € Mat(m x (n+1),F). Each elementary row transformation on A, denote
it F, is a bijective mapping. Let us define the mapping

sol : Mat(m x (n +1),F) — 2™ sol (A b)={zeF"| Az =10}
where 2F" is the set of all subsets of F”. By matrix multiplication, we see that
E(A b)=(EA Eb)
Since F is bijective, it is invertible. So,
sol(E (A b)) =sol (EA Eb)
= {x | EAz = Eb}

={z| Az = b}
zsol(A b)

Note the importance of this proposition. This result is the foundation behind the applications of Jordan
Elimination.

Definition 4.17 ()

A linear system can have either have no possible solutions (overdetermined), one unique solution, or
multiple solutions (underdetermined) (infinite solutions if charF = 0). We can say with probability
1 that given a random m x n matrix A with random m-dimensional vector b, the system Az = b has
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1. 0 solutions if m > n, since there are more equations than variables
2. 1 solution if m = n with the same number of equations and variables
3. Infinite solutions if m < n since there are more variables than equations

Definition 4.18 ()

The variables corresponding to the indices of the pivots are called the pivot variables. The rest of the
variables are called free variables

Because of proposition 3.3, we can determine whether a system has 0, 1, or multiple solutions by looking at
the extended matrix’s Echelon form. The case for 0 solutions is easy.

Theorem 4.3 ()

The system Az = b has 0 solutions if and only if ref(A) contains a row in the form

(00 .. 0 ¢),c#0

Proof.

The existence of this row is equivalent to the linear equation
0z1 +0xo + ... +0xy, =c¢, c#£0

which is absurd and cannot have any solution. Under the hyperplane interpretation, we can visualize
all the hyperplanes failing to have a common point.

Corollary 4.1 ()

Given m x n matrix A, if m > n and the row vectors of A are all linearly independent, then the
system Az = b has 0 solutions.

Theorem 4.4 ()

The system Az = b has 1 solution if and only if ref(A) is diagonal.

Proof.

ref(A) being diagonal implies that there exists at least one solution and also implies the absence of
any free variables.

Theorem 4.5 ()

The system Az = b has multiple solutions if and only if ref(A) has free variables.

Proof.
Clear.
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Definition 4.19 ()

The number of pivots in ref(A) is called the rank of A, denoted rk(A).

Proposition 4.5 ()

Let A be a m x n matrix. Then rk(A) < min{m,n}.

Proof.

By definition, the number of pivots cannot exceed the number of variables nor can it exceed the
number of equations.

Definition 4.20 ()

A nxn matrix A is called nonsingular if and only if rk(A) = n. It is singular if and only if rk(A) < n.
Clearly, rk(A) # n.

4.4 Four Fundamental Spaces

We will begin to bring over the general concepts of linear transformations and state them within the realm
of matrices. We will start with the concept of dual vectors.

It is customary to interpret vectors in the abstract sense as a column of n numbers. Given that vectors are
column vectors, it is sometimes useful (but not entirely comprehensive) to interpret covectors as row vectors.
That is, given a vector v and covector [, [ linearly maps v to a field element by left matrix multiplication.

U1
)= (L lp .. 1) ”2 =3 L,
=1
Un

Definition 4.21 ()

The transpose of matrix A, denoted AT, is the matrix with entries (aT)ij = a;5. That is, it is A,
"fipped over."

We illustrate why this definition of a transpose is equivalent to the abstract definition to the transpose of a
linear map. Given a linear map A : U — V with dim U = n,dim V' = m, we can fix a basis on both U and
V to define its matrix A. The abstract definition states that

AT .V S U* 1= A

Treating | and ¢ as row vectors, we can see that the m x n matrix A maps the 1 X m covector ¢ to the 1 xn
covector [. Note that this linear mapping is realized through right multiplication of A on ¢. It is customary
to present linear maps as left multiplication, so by "flipping" (i.e. taking the matrix transpose) of all the
elements in the equation, we get
1T = AT T

which presents the mapping in the more usual way of left matrix multiplication. Note that [T and ¢ are
still covectors. Just because they are now represented as column vectors, it does not mean that they are
not covectors, which is why we shouldn’t be too dependent on the row vector interpretation of dual vectors
mentioned above.
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Continuing the previous point, note that the way we represent vectors and linear transformation has all
been arbitrarily chosen. There is nothing innate about the way we express these transformation as matrix
multiplication. This last example especially shows us that the entire definition of the matrix transpose
(rooting from the abstract definition) is dependent on our initial choice to represent linear mappings as left
matrix multiplication and to represent all vectors as column vectors.

Theorem 4.6 (Properties of the Transpose)

Given that A, B : U — V is linear, ¢ a constant

1. (AT)T = A.

2. (A+B)T = AT + BT, (cA)T = cAT.

3. (AB)T = BT AT,

4. If A is invertible, (A~1)T = (AT)~! and A invertible = AT invertible.
5. -y = x2Ty. Furthermore,

Az -y = (Az)Ty =2TATy =z - ATy

Definition 4.22 ()

Matrix A is a symmetric matriz if A = AT. A is skew-symmetric, or anti-symmetric, if AT = —A.

Now we are ready to describe the four fundamental spaces of a matrix A: the column space, row space,
nullspace, and left nullspace. All four of these spaces are subspaces, but we will not check them here.

Definition 4.23 ()
The column space of matrix A, denoted C'(A), is the span of its column vectors. That is,
C(A) = span{ay, ag, ..., an }

We will denote the column vectors with lowercase a;’s.

Definition 4.24 ()
The row space of matrix A, denoted R(A), is the span of its row vectors. That is,
R(A) =span{A;, As, ..., A, }

We will denote the row vectors with uppercase A;’s.

Definition 4.25 ()

The kernel of linear transformation is called the nullspace of its associated matrix, denoted Null(A).

Definition 4.26 ()

The left nullspace of matrix A is the nullspace of AT. Tt is denoted Null(AT).

Proposition 4.6 ()

By the column space interpretation, it is clear that

C(A)=TIm A
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We state the matrix analogue of Theorem 2.5.
Theorem 4.7 ()
A vector is a solution to the system of equation Ax = b if and only if it is of the form
a+ Null (4)

where a is one solution.

Theorem 4.8 ()

Let A : F* — F™ be a m X n matrix with rank k. Assuming that F™ and F™ are inner product
spaces,

Null(A) = R(A)* < Null(A)* = R(A) (18)
Null(AT) = C(A)t — Null(AT)* = C(A) (19)

That is, Null(A) and R(A) are orthogonal complements in F”, with dim R(A) = k and dim Null(A) =
n—k. Null(AT) and C(A) are orthogonal complements in F, with dim C(A4) = k and dim Null(AT) =
m — k.

Corollary 4.2 ()

The solution to the homogeneous system Ax = 0 is precisely Null(A).

Definition 4.27 ()

The homogeneous system Ax = 0 always has a trivial solution x = 0.

Example 4.2 ()
Given a system of linear equations

r+3y—2z=5
3x+5y+62="7
2¢ + 4y + 32 =28

We put it into extended matrix form A and perform Gauss Elimination to get rref(A).

1 3 -2 5 1 3 -2 5 1 0 0 —-15
3 5 6 7|]—=(0 1 -3 2]—=10 1 0 8
2 4 3 8 00 1 2 00 1 2

So, rref(A) has the solution (—15,8,2) and it is unique because there are no free variables.

This leads to the following theorem.
Theorem 4.9 ()

The set of n linear equations with n variables can be expressed in the form of Az = b, where A is an
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n X n matrix.

Az = b has a unique solution <= A is nonsingular <= rk(A) =n

Proof.

A is nonsingular is equivalent to saying that rref(A) = I,,, where I, is the n x n identity matrix. This

clearly means that rref(A) will always reveal unique solutions.

Theorem 4.10 ()

n X n matrix A is invertible if and only if it is nonsingular.

Proof.

A is nonsingular <= Az = b will always have a unique solution <= A is an isomorphism from
F" to itself <= by definition, A is invertible.

The realization of an endomorphism of F” in matrix form is a n x n matrix. The realization of an automor-
phism of F" in matrix form is an n X n nonsingular matrix. This set is actually a multiplicative, nonabelian
group denoted GL,(F) and is one example of a Lie Group.

Proposition 4.7 ()

There are k free variables in A if and only if dim Null(4) = k.

Proof.

We do not give a rigorous proof but we outline one. Each free variable corresponds to a free vector
in the row echelon form of A that are all linearly independent. Since the span of these free vectors is
equal to Null(A), the k vectors form a basis of A = by definition, dim Null(A) = k.

Theorem 4.11 ()
rk(A) = dim Im A = dim C'(A4)

Proof.

Let A be a m x n matrix over F. Then, let rk(A) = k, which implies that there are n —k free variables
= dim Null(4) = n — k. By rank nullity,

dimIm A =n — dimNull(A) =n— (n — k) =k =rk4

This theorem establishes the consistency in definition between the rank of an abstract mapping mentioned
in chapter 2 and the rank of its matrix representation. We can in fact establish strong claims on top of this.

Theorem 4.12 ()

dim C(A) = dim R(A)
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Proof.

Let A be a m x n matrix of rank r. There are r pivots and a pivot in each nonzero row of ref(A), so
dim R(A) = r. The previous theorem says r = dim C'(A).

Corollary 4.3 ()
C(A) ~ R(A)

Proof.

While this is a direct result of the dimensions of the two subspaces being equal, it is worthwhile to
mention this alternative proof. We will prove that the linear mapping A is the isomorphism itself.
Let rk(A) = r and let {v1,ve,...,0.} be a basis for R(A). Then, the set {Av1, Avg,..., Av,} are r
vectors in C(A). They are linearly independent because

Z c;Av; = AZCi’Ui =0 = ZCZ‘UZ‘ € Null(A), but Zcivi E R(A)
=1 =1 =1 =1

— Z € Null(4) N R(4) = {0}

i=1

Since dim C(A) = r, {Av;} must form a basis of C(A). Therefore, A is a bijection between vector
spaces and is thus an isomorphism.

Corollary 4.4 ()
rk(A) = rk(AT)

Proposition 4.8 ()

The product of square lower triangular matrices is a lower triangular matrix. The product of square
upper triangular matrices is an upper triangular matrix.

4.5 LU Decomposition

Theorem 4.13 ()

If a m x n matrix A can be reduced to row echelon form using only elementary row operations E!,
it can be decomposed into the product of a lower triangular m x m matrix L with diagonal entries
equal to 1 and an upper triangular m x n matrix U.

A=LU

This is called LU decomposition, or LU factorization.

Proof.

We reduce A to its echelon form ref(A) by successively multiplying elementary matrices E7¢ repre-
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senting elementary operation (i). After a finite amount of steps r, we will reduce it to ref(A).

r—1
ref(A) = E"E"-'..EVE" A = ( 11 E‘“-")A
=0

Since each E" is invertible, we multiply the product of the inverses of the elementary matrices of
operation (i), which are also elementary matrices of operation (i).

(E™)y~HE) L (B7) tref(A) = (ﬁ(EW)_1> (ﬁE‘*W‘)A =A

j=1 i=1

Since each (EY%)~! is an elementary row operation, it is lower diagonal, and by proposition 3.16,
their product is also lower triangular. It is easy to prove that if the diagonal entries are furthermore
equal to 1, then the product has diagonal entries equal to 1. Finally, it is clear that every matrix in
row echelon form is upper triangular, and we are done.

A= (ﬁ(E%')—1>ref(A) =LU

j=1

Note that the existence of the LU decomposition for a general m x n matrix is not guaranteed. It will not
exist if we must switch rows in matrix A in order to reduce it to its echelon form. It does not matter whether
we need to use elementary operation (ii) or not. Only the necessity of elementary operation (iii) to reduce
the matrix determines the existence of the LU decomposition. The decomposition is also unique.

Finding the LU decomposition of a matrix is useful for solving systems of linear equations. Given a system
in the form of Ax = b, if we know the LU decomposition of A, we can rewrite the system as

LUz =b

Setting y = Uz, we can easily solve the system Ly = b using forward substitution and then we can solve the
system Ux = y using back substitution. Therefore, knowing this decomposition beforehand greatly aids in
computing the solutions to the linear system. But computing L and U in order to solve this system takes as
much effort as solving the system using Gauss Elimination in the first place.

It is imperative to mention a similar decomposition for n x n matrices, known as LUP decomposition.
Definition 4.28 ()

An n x n permutation matrix is a matrix of Os and 1s with exactly one 1 in each row and column.
The set of all n X n permutation matrices form a multiplicative matrix group of order n!. We can
also view this group as the matrix representation of the symmetric group S,,.

Example 4.3 ()

The set of all 2 x 2 permutation matrices is

210 1) V)

and the set of all 3 x 3 permutation matrices is
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Theorem 4.14 ()

Every n x n matrix A can be decomposed into the form A = PLU, where L is lower triangular, U is
upper triangular, and P is a permutation matrix.

Proof.

We can modify the Gauss Elimination algorithm to do all the row interchanges in the beginning. The
permutation matrices form a group, so the product of all the initial row changes is a permutation
matrix. Call it P’. The previous theorem states that we can do LU decomposition on P’A.

PA=LU = A=P~'LU = PLU

Since P'~! is also in the symmetric group of permutations, we can denote it as P.

Corollary 4.5 ()

Every n x n matrix A can be decomposed into the form LU P. That is, in the form

0 0 0 Uil *
1 0 ... 0 0 U292
A=LUP=|% « 1 ... : 0 0 uss ... P
* % x 1 0 0 0 upn

Proof.

We decompose AT = PyLoUy, where P, is a permutation matrix, Lo lower triangular, Uy upper
triangular. This implies that
A=ATT =UJLfPT = LUP

since U{" is lower triangular and L is upper triangular. Note that L is unique, but U is not unique,
so this decomposition is not unique.

This decomposition can also be used to solve matrix equations
AX =B

Since this equation can be expressed in the form

| | | | | |
Alzy ... zp|=A21 ... Az, | =1|b1 .. by

| | | | | |
solving this matrix is equivalent to solving the system of systems of linear equations
Axy = by, Ay = by, ..., Az, = b,
i.e. by solving one column at a time. This method can also be used to solve
AX =1
to find X = A~!. Equivalently, we can left multiply elementary matrices to reduce A to rref(A).

r—1
E"E" EZEMAX =ef(A)X = EVE" L E?EN = [ B
=0
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If rref(A) = I, then
r—1
A"l = H EYr-i
i=0

and if rref(A) # I, then A~! does not exist. This is in fact precisely the method of finding the inverse where
we do Gauss Elimination on the extended matrix

| |
Al T | — | 1| A

| |
4.6 Strassen Algorithm

When computing the product two n x n matrices A and B to another n x n matrix C, since each entry of C' is
the product of a row of A with a column of B, and since C has n? entries, we need n® scalar multiplications
to compute (as well as n® — n? additions). In order words, the computing efficiency of the algorithm is at
O(n?). However, there are faster algorithms than this. This is algorithm is known as the Strassen Algorithm
(however, there do exist faster algorithms).

Theorem 4.15 (Strassen Algorithm)

Let A, B be 2 x 2 matrices such that AB = C. That is, component-wise,
ailp a2 bir b2 _ €11 C12
a21 Aa22 bar  boo C21  C22

Cij = ainbij + azo + by

where for i, =1, 2,

Then, let us define

Py = (a11 + azz)(b11 + bo2)
Py = (a21 + az2)b11

P3 = a11(b12 — bao)

Py = ag(ba1 — b1

P5 = (a11 + a12)ba

Ps = (a21 — a11)(b11 + b12)
Pr = (a12 — az2)(ba1 + bao)

Then, the theorem states that we the entries of C are
811:P1+P4—P5+P7
c12=PFP3+ P;

o1 =P+ Py
coo=P +P3— P+ B

This algorithm for multiplying 2 x 2 matrices requires 7 scalar multiplications, while regular multiplication
requires 8. Using block multiplication, we can use this algorithm to calculate any matrix of order 2¥. That
is, to calculate 2F x 2% matrices, we have to perform seven multiplications of blocks of size 28~ x 25=1 and
doing this recursively, it reduces it down to

7/(} — 2k7 log2 7 — n10g2 7

where n is the order of the matrices being multiplied.

40/



Linear Algebra Muchang Bahng Spring 2020

Additionally, the number of scalar additions or subtractions needed is bounded by
6 x 78 =6 x 2Flo82 7 — gplog7

Since log, 7 ~ 2.807 < 3, this algorithm does indeed have more computational efficiency. Note that matrices
whose order is not a power of 2 can be turned into one by adjoining a suitable number of 1s on the diagonal.

Theorem 4.16 (Conjecture)

For any positive number ¢, there is an algorithm that computes the product of two n X n matrices
with computational efficiency of O(n*¢).

5 Determinants and Trace

The definition of the determinant is given first and then shown that it has the corresponding properties. We
will work backward and construct the determinant from its properties.

Definition 5.1 ()
The determinant of a n X n matrix A, with column vectors a1, ao, ..., a,, is a function
det : Mat(n,F) — F

with the following three properties
1. The determinant of the identity matrix is 1.

det (I) = det (e1,€2,...,e,) =1
2. Interchanging two columns a; and a; of A once changes the sign of det A.
det (a1, ..., s, ...y @5, oy @p) = —det (a1, .., @5, oy Qyy ooy Ap)
3. It is a multilinear function of the n column vectors.

det (ay, ..., \a; + pal, ...an) = Adet (a1, ..., a;, ...an) + pdet (a1, ..., al, ...ap)

An important way to visualize determinants is by using the linear map visualization introduced before. That
is, the determinant is the area of the transformed shaded unit square.

R /|

.

Proposition 5.1 ()

The column vectors of A are linearly dependent if and only if det A = 0.
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Proof.

By linearity, it is sufficient to prove that if two column vectors a; and a; of a matrix A are equal,
then det A = 0. This can be easily seen by property (ii) of determinants.

Theorem 5.1 ()
det (HAZ) =[] det A;

Theorem 5.2 ()

A matrix is invertible if and only if its determinant is nonzero.

Proof.

A matrix is invertible <= it is nonsingular <= its columns are linearly independent <= its
determinant is nonzero, by the previous proposition.

Corollary 5.1 ()

Given n X n matrix A,

A ) = det A

Theorem 5.3 ()

The determinants of similar matrices are equal.

Proof.

Let A and B be similar matrices. Then, there exists an S such that A = S~'BS and
det (A) = det (S™*BS = det (S~ ') det (B) det (S) = det B
This theorem implies that the determinant is an intrinsic property of a linear transformation, so it is invariant

under a change of basis. That is, choosing different matrix representations of a linear transformation does
not change the determinant.

Corollary 5.2 ()
det (A) = det (AT)

Proof.

A is similar to AT, which will be proven in chapter 6.
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Proposition 5.2 ()

The properties of the determinant combined with the previous corollary implies that
1. Adding a scalar multiple of a row /column to another row/column doesn’t affect the determinant.
2. Interchanging two rows/columns switches the sign of the determinant.
3. Multiplying a row/column by a multiplies the determinant by «.

Theorem 5.4 ()

Let A be an n X n matrix whose first column is e;

where Ajq is the (n — 1) x (n — 1) submatrix of A with entries a;;, 4,7 > 1. Given this,

det A = det A11

Proof.

Using column reduction, we can see that

det A = det

A11
0

it is clear that the right hand side is equal to det A;; since it behaves exactly like det A1 with respect
to the three properties.

Corollary 5.3 ()

Let A be an upper or a lower triangular matrix. Then the determinant of A is the product of its
diagonal entries. That is,
det A = H (573
i

Proof.

We apply the previous theorem recursively to satisfy when A is upper triangular. Since det (4) =
det (A7), this fact can be applied to lower triangular matrices too.

It is once again verified that the three elementary row (and column) operations affect the determinant in the
way stated in Proposition 5.5. To elaborate, since E7, Fs, and F3 are all lower triangular, we can compute
their determinants easily

1
det Egyiyj =1
det B}, = —1
det B3, = a

and multiplying matrix A by elementary matrices E', E2?, and E> multiplies the determinant by 1, —1, and
a, respectively.
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We can describe the determinant visually. Given a linear mapping A : V. — V, we can fix any basis
{e1,e2,...,en} on V. Note that these basis vectors do not need to be orthogonal, nor are they restricted to
any magnitude. The set of vectors

{Zciei 10<¢ < 171':1,2,...,71}
i=1

forms an n-dimensional parallelepiped in V. Let the volume of this parallelepiped be U. Let W be the

volume of the parallelepiped
{ZciAei 10<ci<1,i= 1,2,...,n}
i=1
which is formed by the transformed basis vectors {Aey, Aes, ..., Ae, }. We can view this latter shape as the
image of the first parallelepiped under transformation A. Then,

det A = W/V

That is, the ratio of the transformed parallelepiped to the original parallelepiped is the determinant. This is
consistent with the properties of the determinant. For example, if A is not isomorphic, then the parallelepiped
will get "squished" into a lower-dimensional parallelepiped with volume 0. The fact that we use a ratio
between the original and transformed parallelepiped allows this value to be invariant under the basis that
we use.

Computationally, finding the LUP decomposition of a matrix A is the best known algorithm to compute the
determinant of a general n x n matrix. That is,

detA:detLdetUdetP:idetU:iHuii

since det L = 1 and det P = +1.

There are other methods to compute the determinant. First, we state the simple but useful formula.

Proposition 5.3 ()

a b
det <c d> = ad — be

Definition 5.2 ()

Given an n x n matrix A, the (ij)th minor of A, denoted A;;, is the determinant of the (n—1) x (n—1)
matrix formed by removing the ith row and j th column from A.

Theorem 5.5 (Laplace Expansion)

Let A be an n X n matrix and j any index between 1 and n. Then
det A = Z '” a;;Aqj

that is, the alternating sums of the 7jth minors multiplied by the ijth entries in the jth column of
A. This can be done by choosing an arbitrary ith row, which leads to the alternative formula

det A = Z aU
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Theorem 5.6 (Cramer’s Rule)

Given a system of linear equations in the form Ax = b where A is an n x n matrix, the solutions of
this system can be expressed with the formulas

= detAi
‘7 detA

where det A; is the matrix formed by replacing a;, the ith column of A, by the column vector b.

Albeit very computationally heavy, determinants can also be used to calculate the inverse of a matrix.

Theorem 5.7 ()

The inverse matrix A~! of an invertible matrix A has the form

det Aij

—1y.  (—1)iti
(A7) = (=1) det A

Definition 5.3 ()

The trace of a square matrix A, denoted Tr A, is the sum of its diagonal entries.

Tr(A) = Z Qi

Proposition 5.4 ()
Tr(AA + aB) = ATr(A) + a Tr(B)

Proof.

Obvious if we look at the entries of A and B and see that it is bilinear.

Theorem 5.8 (Cyclic Property of the Trace)

Tr <ﬁA> — Tr (AnﬁAi>

i=1

Proof.

We first prove when m = 2. Given that the subscripts ij denote that (,7)th element of a matrix,
observe that

(AB)ij =Y AwBr; = (AB)ii =Y _ AuBri
k K
= Tr(AB) = Z ZAik:Bki
ik

=" BiiBi = Tr(BA)
k 3
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Similarly, for m = 3

(ABC)” = ZAikBlelj — TI‘(ABC) = Z AikBleli
k,l ik,

= Z CliAikBkl = TI‘(CAB)
i,k,l

And so we can generalize for m.

Corollary 5.4 ()

The trace is invariant under a change of basis. That is, the trace is an intrinsic property of a linear
transformation since it does not change depending on how it is represented.

Proof.

Given that A is similar to B.

Tr(B) = Tr(SAS™1) = Tr(S™'SA) = Tr(A)

Theorem 5.9 ()
Let A be a n x n skew-symmetric matrix over C (or any field of characteristic # 2). If n is odd,

det A=0

Proof.

det A = det AT =det —A = (—-1)"det A = det A=0

We can actually conclude something even futher about antisymmetric matrices.
Theorem 5.10 ()

The determinant of an antisymmetric matrix A of even order is the square of a homogeneous poly-
nomial of degree n/2 in the entries of A. That is,

det A = P?

The polynomial P is called the Pfaffian.

Definition 5.4 ()

A Vandermonde matriz is a square matrix whose columns form a geometric progression. That is; let
ai,as, ..., ap be n scalars. Then, V (a1, as, ..., a,) is the n x n matrix

1 1 .. 1 1
aq a9 cee Qp—1 (07%
n—2 n—2 n—2 n—2
aq . (¢2) ) an_% a,, .
n— n— n— n—
a Qg Ap—1 Oy
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Theorem 5.11 ()

The determinant of a Vandermonde matrix is

det V(ai,azg,....,an) = H(aj —a;)

3>
A symmetry in the multivariable expression of a determinant can also reveal a symmetry in the matrix.

Example 5.1 (2019 Putnam A1)

The symmetric polynomial
f@,y,2) = 2° +4° + 2° — Bayz

can be expressed as the determinant of the 3 x 3 matrix

det

SSOER SIS
ISR NS
8 w

5.1 Matrices in Block Form
Theorem 5.12 ()
Given 2 X 2 block matrices
x=(& 5) r=(& )
We can compute XY similarly to regular matrix multiplication, treating the blocks as entries.

XY = A1 Bl Ag B2 - A1A2 + B102 A1B2 T BlDQ
a Cl D1 CQ D2 a ClAQ + chg ClBQ arF D1D2

Furthermore, this process can be done in general for any m x n block matrix X and n x p block
matrix Y.

Theorem 5.13 ()

Given that Iy, A, B are n X n matrices, define the (2n) x (2n) matrix
I 0
)

det X = det B

Then

Proof.

We can perform Gauss elimination to reduce X without affecting the determinant.

I 0 I 0
det(A B)zdet(o B):detB

since it satisfies the correct properties for det B.
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Corollary 5.5 ()

A 0
det (C D) =det Adet D

Proof.
A 0 A 0\ /I O A 0 I 0
det (C’ D) = det (C I> (0 D) = det (C’ I) det (0 D)

det (é g) # det Adet D — det Bdet C'

However,

Rather, we introduce the following theorem

Theorem 5.14 ()

i (g [B)) — det (A)det (D — CA~'B) (20)

= det (D) det (A — BD™'C) (21)
Proof.
A B\ (A 0\ /[I A7'B
Cc D) \C 1)J\0 D-CA™'B
by similarity, equation (6) is equal to equation (7).

Definition 5.5 ()

A block diagonal matriz is a square matrix in block form such that the diagonal blocks are square
matrices and all off-diagonal blocks are zero matrices.

40 0
0 A 0
A= ,
0 0 ... A

Theorem 5.15 ()

Given a matrix A in block diagonal form, with diagonal blocks Ay, Ao, ..., A,

k k
det A = HAi, TrA= ZTrAi

=1 i=1
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Furthermore, A is invertible if and only if all the A;’s are invertible, and

A, 0 ... 0 ATY 0 .00
= 0 Ay ... 0 0 A" ... 0
0 0 ... A 0o 0 ... A4

Proof.

The results are obvious when performing block multiplication or Gauss Elimination.

5.2 Dodgson Condensation

We already know that the LUP decomposition is an algorithm used to compute the determinant of a general
n X n matrix. We will introduce another, called Dodgson condensation. The algorithm can be described in
the following steps.

1. Let A be a given n x n matrix. Arrange A so that no zeros occur in its interior (this can be done by
any combination of elementary row or column operations that would not change the determinant).

2. Create an (n — 1) x (n — 1) matrix B consisting of the determinants of every 2 x 2 submatrix of A.

Explicitly,
B=det | " it
Ai41,5  Aigl,5+1

3. With this (n — 1) x (n — 1) matrix B, perform step 2 to obtain an (n — 2) X (n — 2) matrix C. Divide
each term in C by the corresponding term in the interior of A.

bij bij+1
Cij=det |, ™ " Bit1,5+1
i+1,7 i+1,7+1

4. Let A = B and B = C. Repeat step 3 as necessary until the 1 x 1 matrix is found, which is the
determinant.

The reason that we do not want Os in A is because then in doing step 3 we may divide by 0.
Example 5.2 ()

Let us find
—2 —1 -1 —4
-1 -2 -1 -6
-1 -1 2 4
2 1 -3 -8

det

All of the interior elements are nonzero, so there is no need to rearrange the matrix. We calculate

-2 -1 -1 -4

-1 =2 -1 6| | _31 :;2 <—16 2>
-1 -1 2 4 ) 4 12

2 1 -3 -8

With this 2 x 2 matrix, we must divide each term by the interior of the original A.
-16/-2 2/—-1\ (8 =2
4/ -1 12/2 )~ \-4 6
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Calculating this determinant gives 40, and dividing by the interior of the 3 x 3 matrix (—5) gives
det A =40/ — 5= 8.

5.3 Matrix Calculus

There is nothing special about matrix calculus on its own, since matrices are themselves vectors; they can
be sufficiently analyzed using vector calculus. Regardless, we will emphasize a few points. Let

A: R — Mat(m x n,R)

be a matrix valued differential function. That is, the m x n component functions of A is differentiable. Then,
just like in calculus, we introduce differentiation rules.

d d d
(AW + BO) = FAW) + 5 B(0)
d

d
e (cA(t)) = C%A(t)

The scalar multiplication can actually be extended. By linearity (of matrix multiplication), we can say that
if A is independent of ¢, then

d d

The linearity of the derivative allows us to state more rules. Given that v : R* — R is a scalar valued
function and ! € (R™)*, then
d

£ 1(o(e)) = l(i”@”))

This result can be extended to when v is replaced by matrix valued function A and [ is replaced by ¢ :
Mat(m x n,R) — R.

d d
o) = o faw)
Since the trace is a linear operator, we have the following theorem.

Theorem 5.16 ()

Given a linear function A : R — Mat(n, R) with paramater z,

d d

—TrA=Tr| —A

dz g (dm )
Note that A in here really means A(z).

The product rule of matrix calculus is similar.

d d d
—AB=(—A)-B+A-|—B
dx <dm > + <dm )
It is also noting that the derivative of the inner product of two vector valued functions v,w : R — R™ is

2 (@) w@) = (o), w@) + (o), w(o)
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Definition 5.6 ()

A matrix valued function A is invertible at a point x € R if there exists a function, denoted A~! such
that
A(x)A N (z) = A (2)A(x) =1

where I is the identity matrix. If there exists such A~! for all values € R, then A is said to be
invertible.

Theorem 5.17 ()

Let A be a matrix valued function, differentiable and invertible. Then, the function A~! is also

differentiable and p p
— A t=—A"1=A4)A"
dz <d33 )

Proof.
We derive this using the product rule.

d d _1
0= %I = %(A(x)A ()

- A(x)<;;A—1(x)> + ((ZjA(m))A‘l(x)

Note that the chain rule is a rule of differentiaion that applies for scalar valued functions. That is, given
f:V—TRand g:R — V (V vector space),

= Fogla) = f(9(w) - - g(x)

The - operation in the right hand side is the operation of multiplication in the field R. But given f :
Mat(n,R) — R and AR — Mat(n, R), multiplication within the algebra of matrices are inherently different
than component-wise operations, so the chain rule does not apply (it would apply if matrix multiplication
was defined component-wise).

Example 5.3 ()

Let f(A) = A2, and let A be a matrix valued function. Then,

1o 4w) = (A1) = (£40)) - A+ A) - (2 AW)
# 2A(x) - %A(x)

since matrix multiplication is in general not commutative.

Proposition 5.5 ()

diA’“ = AAR L AN ARTE AR A AR
X
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Proof.

We inductively apply the product rule

d d
7Ak _ A/Ak71 AiAkrfl
dx * dx

Corollary 5.6 ()

Given any polynomial p with A a differentiable, square matrix valued function, if A and A’ commute,

then
d

—p(4) = (A4’

Proof.
We can completely define differentiation over the vector space of polynomials with the formula

iAk = kA" 1A' VE e N
dx

Corollary 5.7 ()

Given polynomial p with A a differentiable, square matrix valued function,

% Trp(A) = Tr (p'(4) - 4')

Proof.

Use the cyclic trace property.

Definition 5.7 ()
The exponential map is defined
exp : Mat(n,C) — Mat(n, C)
where
AT At aay Ian g —ilA’“
B 2! 3! Ll
k=0
where A = I. This can clearly be extended to when A is a square, matrix valued function.

This final theorem establishes the connection between the determinant and trace.
Theorem 5.18 ()

Given a differentiable square matrix valued function A such that A is invertible for a certain = € R,
then

d 1 d
T logdet A = Tr (A dxA)

Where the log mapping is the inverse of the exponential mapping of matrices.
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Definition 5.8 ()
The commutator in the algebra of n X n matrices is defined as

[A,B] = AB — BA

Theorem 5.19 ()

If A and B are commuting square matrices, then
In general, the solution C to the equation

is given by the Baker-Campbell-Hausdorff formula, defined

C = A+ B+ 54, B+ (A 14, B - 155, 4, B] +..

consisting of terms involving higher commutators of A and B. The full series is much too complicated
to write, so we ask the reader to be satisfied with what is shown.

Corollary 5.8 ()

Trloge® e® = Tr A+ Tr B

6 Spectral Theory

6.1 Spectral Theory of General Mappings
Definition 6.1 ()
Let A:V — V be a linear transformation over F. If there exists a vector v € V' such that
Av=X v, €T

then a is called an eigenvalue of A, and v is an eigenvector of A. Clearly, if a basis is realized for
V and A is represented as a matrix, v would have a basis representation. However, the value of A is
invariant. The set of all eigenvalues

)\(A) = {/\1, )\2, ceey )\k}

is called the spectrum of A.

For a given eigenvalue \ and its corresponding eigenvector v, it is clear that by linearity, every vector in
spanwv is an eigenvector, too.

Now that we have defined eigenvalues and eigenvectors, we first provide a visual description of these terms.
Given a linear transformation A : V' — V| we can visualize a certain basis of V' such that all the linear
transformation A does on that basis is merely extend or contract the basis vectors.
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Definition 6.2 ()
Given a n x n matrix A, the characteristic polynomial of A, denoted p4(t), is defined
pa(t) = det (A —tI)
The mapping A — p4(t) can be thought of as a mapping from Mat(n,F) — F[t], where Mat(n,F) is

the algebra of n x n matrices over field F, and F[¢] is the polynomial algebra over F. p4(t) is invariant
under matrix similarity.

The motivation for defining such a polynomial is that it allows us to compute the eigenvalues of A.

Definition 6.3 ()

The characteristic equation of A is defined by equating p4(t) = 0.

Proposition 6.1 ()

The solutions of the characteristic equation of A (i.e. the roots of p(t)) is precisely the spectrum of
A.

Proof.

(—) Let there be a t = X such that pa(\) =0 <= det (A — A\I) = 0 which is equivalent to saying
that ker(A — AI) is nontrivial. There must exist a v € ker(A — AI'), meaning that (A —A)v =0 <
Av = \v. By definition, )\ is an eigenvalue of A.

(+—) This reasoning can be extended in the opposite direction.

Theorem 6.1 ()
Eigenvectors of a linear transformation A corresponding to different eigenvalues are linearly indepen-

dent, but not necessarily orthogonal. It follows that if the characteristic polynomial of a n X n matrix
A has n distinct roots, then A has n linearly independent eigenvectors.

Proof.

Simple, by contradiction.

Example 6.1 ()

It is clear that the Fibonacci sequence can be produced with matrix multiplication as such
nt1 _ gn (@) _ (11 "1
Ap ap 1 0 1

1++5 1-+5
=5 T3

Given that

At

we can diagonalize A into the form

1 A
A= >\1I>\2 /\QA_j)\l <)(‘)1 )E)) <)‘11 )‘12> — A" = 571 ()‘O? On) S
A2 —A1 A1—A2 2 2
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which implies that after evaluating, we get

Al=Ey ==y
apn=—4(——) —
V5 2 2
This is a surprising result since it also says that the expression above is always an integer for all
natural number n.

Definition 6.4 ()
Given a subspace U; C U and linear transformation 7' : U — U. We say that U; is invariant under
T if

uel;, = Tuel;

Theorem 6.2 ()

Let ay,as, ..., a, be the eigenvalues of A. Then

Zai:’ITA, Hai:detA

Proof.

The mapping A — det (A — 2T) is a mapping from the set of n X n matrices to the polynomial algebra
F[z]. Direct application of the Viete’s formulas in F[z] produces the statement and this result can be
extended to the rest of the formulas.

Theorem 6.3 (Spectral Mapping Theorem)

Let g be any polynomial, A a square matrix with an eigenvalue a. Then:

i) g(a) is an eigenvalue of g(A).

ii) Every eigenvalue g(A) is of the form g(a), where a is an eigenvalue of A.
Proof.

i) Let h be an eigenvector of A with corresponding eigenvalue a.

Ah = ah = A?h = Aah = aAh = a*h
= A"h =a"h
= q(A)h = q(a)h
= ¢(a) is an eigenvalue of q(A)

ii) Let p be the eigenvalue of ¢(A) <= det (q(A) — pI) = 0. We expand:
q(s) —p= CH (s—r;),ri €C
Replacing the variable s with A, we have
q(A) —pI =[] (A—ri)

Since det (q(A) pr) = 0, at least one r;, say rj exists such that det (A — rkI) =0 <= rgis an
eigenvalue of A. Since ¢(r;) —p =0, p = ¢(r;) is an eigenvalue of ¢(A).
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The following theorem is an equivalent version of the spectral mapping theorem.
Theorem 6.4 ()

Let A be a nxn matrix and let f be a polynomial. If the chracteristic polynomial of A has factorization

n

pat) = [t - )

i=1
then the characteristic polynomial of the matrix f(A) is given by

n

Pi(a)(t) = H(t — f(M))

i=1

We can actually create a bound on the spectrum of a square matrix.

Theorem 6.5 (Gershgorin Circle Theorem)

Let A € Mat(n,C) with entries a;;. Let R; = >_, ., |a;;| be the sum of the absolute values of the
non-diagonal entries of the ith row, and let Da;, R;) C C be a closed disk with radius R; centered at
a;; in the complex plane, called a Gershgorin Disk. Then every eigenvalue of A lies within the union
of all n Gershgorin Disks. That is,

Ai(4) € U Da;;, R;) C C, for all j
i=1

Proof.

Let A be an eigenvalue of A with its eigenvector v = (v;). Scale v by multiplying it by +1/ max {|v;|};
to get a vector « with its maximal entry z; = 1 and |z;| <1, j # i. Then,

Ar = \x — Zaijxj:)\xi:)\ — Zaijxj—i—aii:)\
J J#i
Applying the triangle inequality,

E aijxj

J#i

<Y lagllzsl <D laigl = R

J#i J#i

A — aii| =

Corollary 6.1 ()

The eigenvalues of A must also lie within the Gershgorin discs C; corresponding to the columns of A.

Proof.

This is a direct result from the fact that A is similar to A”. Alternatively, we can apply the same
process in the proof above to AT.

If one observes that the off-diagonal entries of A are small in absolute value, it can be concluded that the
diagonal entries are "close" to the true eigenvalues of A. A is diagonal if and only if the Gershgorin disks
are points.
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Theorem 6.6 (Cayley Hamilton)

Every matrix A satisfies its own characteristic equation. That is,

pA(A) = O

6.2 Eigendecompositions and Jordan Normal Form

However, the entire concept of matrices are not fully grasped with just eigenvectors. If it were, then linear
algebra would be a much simpler matter. To extend our toolkit, we must introduce generalized eigenvectors.
From here, we will assume that our field is over C. We use the fact that the field is over C because it
allows us to claim that the characteristic polynomial in C[t] can be factored into linear components, by the
fundamental theorem of algebra.

Definition 6.5 ()

A genuine eigenvector of A satisfies (A—al)h = 0. A generalized eigenvector f satisfies (A—al)?f =0
for some d > 1.

To provide a visual intuition of how generalized eigenvectors transform under A, observe that

(A—alh=0and (A—al)’f=0 = (A—al)! =h (22)

= Af=af+h, Ah=ah (23)

= A’f =aAf + Ah=d’f + 2ah (24)

— AVf=ANf+ Na""'h (25)

This implies that the generalized eigenvector is first scaled by a factor of a, similar to a genuine eigenvector,

but then a factor of the genuine eigenvector is then added to the scaled generalized one. Note that in higher
dimensions of N, a greater multiple of h must be added after scaling f.

This means that given an eigenvalue A, there is always at least one genuine eigenvalue associated with .
Furthermore, there may be additional generalized eigenvectors also corresponding to A. This leads to the
following definition

Definition 6.6 ()

The subspace formed by the span of the generalized (and genuine) eigenvectors of A form what is
called the eigenspace associated with X\, denoted E(X).

We can measure the characteristics of the eigenspaces with the following definitions.
Definition 6.7 ()
The algebraic multiplicity of an eigenvalue A is the dimension of its eigenspace. It is precisely
dim E(X)

In order to compute the algebraic multiplicity of A; in A, we find the maximal value of d; such that
(t — A\)% divides p4(t). With this, we can define

E(\) =ker (A — D)%
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Theorem 6.7 ()

Given A : V — V with eigenspaces E(A\1), E(A2), ..., E(Ag),
EM)BEMN)®..0EM\)=V

That is, every vector v € V can be uniquely expressed as the sum
v="hy+hs+ ...+ hg, hy € E(N\;)

this is called the eigenbasis of V.

Proof.

The definition of algebraic multiplicity implies that each eigenspace is disjoint except at 0 and that
their dimensions sum to dim V.

Definition 6.8 ()

The geometric multiplicity of an eigenvalue A of a linear transformation A is the dimension of the
span of genuine eigenvectors in its eigenspace. It is precisely

dimker (A — AI)

Note that since the span of genuine eigenvectors is a subspace of E()\), the geometric multiplicity is
always less than or equal to the algebraic multiplicity.

Now we are ready to introduce the eigendecomposition of a linear mapping A.
Theorem 6.8 ()

Given a linear mapping A with its eigenvalues A1, ..., Ay and associated eigenspaces E(\1),. .., E(Ax),
A maps each eigenspace to itself. That is,

A(EN)) CE(N), i=1,2,...,k

Corollary 6.2 (Jordan Normal Form)

Every linear mapping A : V. — V can be decomposed into the sum of the linear mappings of each
eigenspace E();). That is, it can be expressed in the form

A:J[EXN) — [[EN)
which we can define, given h; € E();),

Aw) = A<Zm—> = 3" Ah), i) € BOW)

The process of eigendecomposition for a linear mapping A is really just a clever change of basis for the
n X n matrix representation of A over C, where the new basis is now the set of genuine and generalized
eigenvectors. The new matrix formed by performing the change of basis on matrix A is called the Jordan
Normal Form, or Jordan Canonical Form, of A. We will now describe the construction of the JNF of an
arbitrary n X n matrix.
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It is actually simple. Let the eigenvalues of the matrix A be A1, Ao, ..., A\, with its associated eigenspaces
E(X;). Let the algebraic multiplicity of eigenspace E();) be alg;. Then, every n x n matrix over C has the
block form

A4 0 0 0
(o 4 0o o
7=lo 0o . o0
0 0 0 A

where each block A; represents the transformation in E();). This means that each A; must be an alg; x alg;
submatrix. The definition of the generalized eigenvectors shown in equation (11) shows that each block must
be of form

Ao 10 0
0 N 1 0
Ai=10 0 N 0
0 0 .. 0 XN

With A;’s in the main diagonal and 1’s in the superdiagonal of A;. The first column of A refers to the
transformation of the genuine eigenvector, while the other columns refers to the transformation of the
generalized eigenvectors, where \; refers to the scaling of the dth generalized eigenvector and the 1 refers
to the adding of the (d — 1)th generalized eigenvector to the scaled dth vector. If there are no generalized
eigenvectors in an eigenspace E();), then A; is a 1 X 1 matrix (\;). Observe that this form is consistent with
our previous theorems, especially the fact that A maps distinct eigenspaces to themselves.

Finally, the change of basis is represented through the matrix multiplication.

I
J=P'AP, P=fi fo ... fn

where f; is the genuine/generalized eigenvectors corresponding to the transformation represented in the ith
column of J. The Jordan Normal Form of a matrix is unique up to the permutations of its diagonal blocks.

Notice that the Jordan Normal Form must be an n X n matrices over C, not R. However, given a matrix A
over R, we can construct a similar block diagonal form over R. Since A is real = pa(t) € R[], p € Cis a
root of pa implies that i is also a root. This means that in the case where y = a £ bi is a pair of complex
eigenvectors with eigenvectors z and z. The associated 2 x 2 Jordan block will be of form

G2

z4+Zz i(z — 2)
U1 = 2 , V2 = )

Notice that z € C™ is a complex eigenvector belonging to complex eigenvalue p, and we make the best
"approximations" of z,z and u, i with the new real vectors v; and vs. Note that the Jordan block states
that

with the associated column vectors in P being

A(v1) = avy + bug, A(ve) = —buy + avy

which is true since

Avy) = A(Z ; Z) - %(A(z) + A(2))
— %((a+bi)z+ (asz'),%)
= %((a)(z + z) + (bi)(z — 2))
:az+5+bi(z—2 — avy + bvy

2 2
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and

Aw) = A = L) - a)

_ %((a +bi)z — (a — bi)2)

5((a)(z —zZ)+ (bi)(z + 2))

=a —-b ;Z:avg—bvl

It suffices to only modify this case for 2 x 2 blocks because all complex eigenvalues of real matrices must
come in conjugate pairs (but this is not necessarily true for complex matrices, which have characteristic
polynomials in C[t]).

Corollary 6.3 ()

The following 2 x 2 Jordan block of the form shown below can be turned into the complex Jordan
block and vice versa. }

cosf —sinf) e 0

sinf  cosf 0 e

However, there could be bigger Jordan blocks of generalized eigenspaces corresponding to conjugate pairs.
Observe the following JNF, with columns (from left to right) corresponding to the transformations h; (gen-
uine), ky (generalized), ho (genuine), and ko generalized).

Using the corollary shown above, we can modify the eigenvalues and eigenvectors into real values and
construct the simplest "real form" (assuming ¢ # 0, 7) of the matrix

cosf) —sinf 1 0
sinf  cosf 0 1
0 0 cosf) —sinf
0 0 sinf  cosf

where the columns (from left left to right) now correspond to transformation of real eigenvectors

h1+ ho Z(h1 — h2) ki + ko Z(k‘l — k‘g)
2 ’ 2 ’ 2 ’ 2

Therefore, we can state that the linear transformation represented by the two matrices in their respective
bases are equivalent.

Example 6.2 ()

The linear operator that rotates around a vector v by an angle f has an eigendecomposition of the
span of v as shown (with eigenvalue 1) and the 2-dimensional plane (having two complex eigenvalues).
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Definition 6.9 ()

A matrix is diagonalizable if we can perform a change of basis on it to create a diagonal matrix.

Theorem 6.9 ()

A matrix is diagonalizable if and only if its algebraic multiplicities is equal to its geometric multiplic-
ities. That is, if the matrix only has genuine eigenvectors. This is also equivalent to saying that all
of A’s eigenspaces have dimension 1.

It is clear that since eigendecompositions are intrinsic to linear mappings, the JNF of similar matrices are
the same. That is, the eigenvalues and the dimensions of the eigenspaces are invariant under a change of
basis.

Proposition 6.2 ()

Two matrices are similar if and only if their eigendecompositions are the same. That is, if they have
the same eigenvalues and the dimensions of the corresponding eigenspaces are the same.

Proof.
=) A~B = A=S"'BS=8"1p~1JPS = (PS)"'J(PS) = JNF of A and B are the same.

)
(+) A and B have same JNF =— A =P ' JPB=Q'JQ = J=QBQ ! — A=
P1QBQ'P=(Q'P)"'B(Q'P) = A~ B.

Theorem 6.10 ()
A~ AT,

Proof.

By the proposition above, it is sufficient to prove that A and A” have the same eigendecomposition.
Since (A — AT = AT — X[, det (A — AI) =0 <= det (A — A)T =det (AT —A\I) = A and AT
have the same eigenvalues. Similarly, ((A — )\I)d)T = (AT —\I)¥ = the eigenspaces of A and AT
have the same dimension.
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7 Further Properties of Linear Mappings
7.1 Adjoint Operators

Definition 7.1 ()

Let A: U — V be a linear mapping between inner product spaces, with the inner product in U and
V denoted (-, )y and (-, -)v, respectively. We can fix any v € V' and define the linear function [ € U*

I() = (A(),v)y, (26)

1) = () (21)
to get

(~7u')U = (A(~>7’U)V (28)

By combining (8), which defines an isomorphism between U* and V', and (9), the natural isomorphism

between U and U*, equation (10) takes the composition of these to define an isomorphism from V' to
U. This isomorphism is called the adjoint of A.

AV Vv — U, (- ,ATU)U = (A(-),U)V

By definition, given any v € V, Afv is defined so that the equality
(u, ATv) = (Au, v)

holds for all values of u € U.

It is important to note that the adjoint is not the same as the transpose since the transpose is a mapping
between the dual spaces. Furthermore, the transpose is canonically defined upon defining the linear trans-
formation A : U — V, while defining the adjoint requires the additional structure of an isomorphism from
U to U* and from V to V*. There are two ways to define these isomorphisms.

First, we can define dot products on both U and V' and define the natural isomorphism

i:U—U", i(u) =(u,-) eU"
j:V—V* j)=(v,)) e V"

This canonically creates the mapping
itAT VvV — U

which we define as the adjoint AT. This method using natural isomorphisms is precisely how we have defined
the adjoint above. There is a second way, however. We can fix orthonomal bases on U and V and then assign
them their respective dual spaces (satisfying the Kronecker delta function). Let the basis of U be {uy, ..., un },
U* be {u},..,ul,}, V be {v1, ..., v}, and V* be {v],...,v],}. Now we can define the isomorphisms

iU —U*, i (u) = cu) + ... + cpul,
7V —=V* () = kv + o+ ko),

and then define the adjoint as
At =1 AT
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Let us compare these two definitions. Given a vector u = aju1 + ... + aptn, @ = byug + ...bpu, € U,

i(u) () = (u,a) = (i N TI i bgug) = Zaabgég = iawbﬁ,
a=1 B=1 a,B y=1
E(Zal )(Zb u]) Zazbu uj Za,b 6;:;%@6

Similarly for vector v = gyv1 + ...gnUn, 0 = h1v1 + ... + hyv, € V,

i(v)(9) = ( (Zgavav Z hﬁvﬁ) = Zgah55§ = Xn:g“/h’Y
a=1 a,B y=1
E(Zgz )(Zh vj) Zglhv vj) Zglhﬁ;:i:gkhk
k=1

Therefore, i = i’ and j = j’, meaning that the two derivations of the adjoint A = i~ 1ATj = i~V AT}’ are
exactly the same! We must note that the basis endowed on both U and V must be orthonormal for it to
"mimic" the inner product. The derivation of the adjoint in these two equivalent methods may help the
reader further understand that the adjoint Af is really just a composition of fundamental linear functions
j:V —V* AT . V* — U*, and i~! : U* — U that are all canonically created as soon as A: U — V
is created, along with the inner product spaces U and V.

U—-4.v

L)

A

However, it is hard to grasp a visual intuition of adjoint operators in general. Note that the properties of
the transpose indicate that given A : R® — R™ with the standard orthonormal basis and dot product,
the matrix representation of At is just AT. If A is a matrix over C, then A' is A# = AT the Hermitian
transpose, or conjugate transpose, of A.

Note that this definition of the adjoint of linear operators is completely unrelated to the definition of an
adjoint of a matrix!

We now describe one common application of adjoints.
Theorem 7.1 ()

Let A € Mat(m x n,R) with m > n. This means that the system of equations Az = p is an
overdetermined system and will have no solutions with probability 1. However, we can find the
best-fit solution of the system. That is, the vector x that minimizes ||Ax — p||? is the solution z of

AtAz = ATp

z is therefore, the "closest approximation" of the solution of Ax = p that lives in R".

The QR decomposition is often used to simplify these linear least squares problems into a more manageable
equation.

Theorem 7.2 (QR Decomposition)

Any real m x n matrix A mapping R” — R™ may be decomposed as

A=QR

63/



Linear Algebra Muchang Bahng Spring 2020

where @ is a m X n matrix with column vectors that are pairwise orthonormal and R is an upper
triangular square matrix. () having pairwise orthonormal columns = Q7 Q = I, so we can simplify
the normal equation

AT Az = ATh = (QR)T(QR)x = R"QTQRx = R"Rx = RTQ™b
— Rz =Q"b
= z=R1Q7p

Theorem 7.3 ()

Let Py be the orthogonal projection onto Y. Then,
1. Py = P2.
2. Py = P}.

Theorem 7.4 (Properties of the Adjoint)

Let A,B: X — U, C: U — V be linear mappings. Then,
A+ B)t = At + Bt
C’A)T = AfCt
D = (AT) if A is bijective
AT)T =

OV R

- (
- (
- (A”
- (

Definition 7.2 ()

Linear mapping A is self adjoint if and only if A = Af. If M is any linear mapping, then its self-adjoint
part is

M + Mt

- A5

Theorem 7.5 (Spectral Theorem)

A n-dimensional self-adjoint map H over C has real eigenvalues and an orthonormal basis of genuine
eigenvectors. That is, its eigendecomposition consists of n pairwise orthogonal eigenspaces.

Corollary 7.1 ()

Given a real self-adjoint matrix H, there exists a real invertible matrix M such that MTHM = D,
with D diagonal and the column vectors form an orthonormal basis.
So, given self-adjoint H : X — X, the whole space can be written as the direct sum of pairwise

orthogonal eigenspaces.
X=EMN)
i=1

which implies that every x € X can be written uniquely as

=21+ 23+ ... + T, z; € E(N;)
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Definition 7.3 ()
Given that P; is the orthogonal projection onto the jth eigenspace E(J;), that is
Pj(xz) =x; € E(\j), (P; also self adjoint)

the spectral resolution of self-adjoint mapping H is the decomposition into the form
HZZ/\ij — Hzx = (Zz\jPJ)x:Z)\jxj
J J J

The resolution of the identity is

I:ZPj
J

Proposition 7.1 ()

Given the spectral resolution of self-adjoint H,

H=) MNP, = H>=) XP
J J

Note that the spectral resolution of a self adjoint mapping is precisely the eigendecomposition of the mapping
into its 1-dimensional eigenspaces. It is merely a simpler form of the eigendecomposition in the specific case
when the linear mapping is self-adjoint.

Theorem 7.6 ()

Let H, K be self-adjoint mappings such that HK = KH. Then H and K have the same spectral
resolution, i.e. they have the same eigendecomposition.

H=> a;P;, K=Y bP
J J

Proof.

z € E(a)Hr =ar = KHx=aKr = HKx =aKr = Kz € E(a). Similarly, we can do this
with K to find ¢ € E(a) = Hz € E(a), meaning that K and H have the same eigendecompositions
(though their eigenvalues are not necessarily equal).

Definition 7.4 ()
Map A is anti-self adjoint if AT = —A. Conjugate symmetry implies that
Al =A = (iA)" = —(iA)

So, given an anti-self adjoint map A, we can apply the spectral resolution to 7 A.

Theorem 7.7 ()

Given anti-self adjoint 4 : C* — C™,
i) eigenvalues of A are purely imaginary
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ii) we can choose an orthonormal basis of eigenvectors of A

Proof.

This easily follows from the Spectral Theorem.

Definition 7.5 ()

N : X — X is a normal mapping if NTN = NNT. Self-adjoint, anti-self adjoint, and unitary
matrices are all normal. Surprisingly, the set of normal matrices are not closed under addition nor
multiplication, so they do not form a group.

Theorem 7.8 ()

A map N is normal if and only if it has an orthonormal basis of eigenvectors, i.e. it is unitarily
diagonalizable. That is,
N=U'DU
Proof.
(=) Let
1 1
H= 5(N+1\ﬁ), A= §(N7NT)

NTN = NNt — AH = HA, where H is self adjoint, A is anti-self adjoint, and N = H + A, NT =
H — A. Since AH = HA, they have the same spectral resolution of orthonormal eigenspaces, which
also forms the same spectral resolution for N = H + A.

(+) A=U'DU = A'A= (U'DU)(U'DU) =U'DDU = AA'.

7.2 Lie Groups and the Exponential Map
Definition 7.6 ()

Aut(V) of vector space V also forms a group under composition. We denote it GL(V). The group
of automorphisms of R™ and C" is denoted GL(R") and GL(C™), respectively. The group of all
invertible n x n matrices over R and C is denoted GL,(R) and GL,(C). GL,(R) is also denoted
GL(n,R), and similarly for GL(n, C).
Proposition 7.2 ()
Given that V is a real vector space,

GL(V) ~ GL(R") ~ GL,(R)
since GL,,(IR) are representations of linear operators. Similarly, if V' is a complex vector space,

GL(V) ~ GL(C") ~ GL,(C)
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Definition 7.7 ()

The group of all real n x n matrices that have determinant 1 is called the special linear group, denoted
SL,(R). It is a subgroup of GL,,(R). The group of all complex n x n matrices with determinant 1 is
denoted SL,,(C). It is a subgroup of GL,(C).

Definition 7.8 ()

An isometry M of metric space (X,d) is a mapping that preserves all distances. That is, for all
z,y € X,
d(x,y) = d(Mz, My)

The set of all isometries, denoted Isom(X), is a group that is generated by all translations, rotations,
and reflections.

Since linear maps always preserve the origin, we will focus on origin-preserving isometries, which is a subgroup

called the orthogonal group.
Definition 7.9 ()

The orthogonal group of a real Euclidean space of dimension n, denoted O(n), is the group of all origin-
preserving isometries of the space consisting of rotations and reflections. The matrix representation
of this group is the set of real n X n matrices where the column vectors form an orthonormal basis.
Note that the determinant of every element of O(n) is £1.

Definition 7.10 ()

An orthogonal matriz is the matrix representation of an element in O(n). It is the real n x n matrix
where all the column vectors are pairwise orthogonal and all have magnitude 1.

Proposition 7.3 ()

The rows of an orthogonal matrix are also pairwise orthonormal.

Proposition 7.4 ()

Given an orthogonal matrix M,
MT _ M71

Definition 7.11 ()

The special orthogonal group of a real Euclidean space of dimension n, denoted SO(n), is the group of
all isometries that preserve the handedness of the space consisting only of rotations. It is a subgroup
of O(n). The matrix representation of this group is the set of real n x n matrices where the column
vectors are pairwise orthonormal and the determinant = 1.

We extend this concept to complex Euclidean spaces.
Definition 7.12 ()

The unitary group of degree n is the group of all complex n x n matrices where the columns are
pairwise orthogonal. It is denoted U(n).
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Example 7.1 ()

U(1) is the set of complex numbers with norm 1.

Definition 7.13 ()

The special unitary group of degree m is the group of all complex n x n matrices where the columns
are pairwise orthogonal and determinant = 1. It is denoted SU(n).

The groups mentioned in this section are examples of Lie Groups. Lie groups in general will not be defined
in here, since they require knowledge of smooth manifolds and differential geometry. In order to analyze
these abstract groups, we use the exponential map e € End( Mat(n,F) to reduce these Lie groups to Lie
algebras.

7.3 Singular Values, Norms of Linear Mappings

Since the algebra of linear operators is itself a vector space, we can also define structures on it, too. We
focus on matrix norms.

Definition 7.14 ()
Let A: X — U be linear. Then, we define

|All = sup [|Az]]

llz|[=1

Note that ||Az|| is measure with respect to the norm of U and ||z|| the norm of X.

There is a very nice visualization of this. Given that dim X = n, imagine the n-dimensional unit ball in X
being transformed under A. The image of the ball should be an ellipsoid (of dimension < m) in U.

/R n /pm

A
\d

/

The norm of A is the length of the major axis of the ellipsoid.

Theorem 7.9 ()

[|Az|| < ||A]]||z]| for all z € X (29)
lAl| = sup (Az,v) (30)

lzll,[v]l=1
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Proof.

z
1 42]] < sup | 42]| = sup || 4 | = 11412

[lul| = Hm‘? 1(u,v) = ||Az|| = HmHa 1(Aa:,v) = ||4]|= sup (Az,v)
vii= vi= ], lv]|=1

Theorem 7.10 (Properties of Matrix Norm)

Let there exist any k € F, with any A, B: X — U, C : U — V. Then,

L ||k A[l = [K[||All

2. |[A+ B|| < ||A]| + ||B]]
3. [|CA]| < [|C|[1] Al

4. ||All = 1At

Definition 7.15 ()
The spectral radius of A is defined

r(A) = max |a;|, a; are eigenvalues

Proposition 7.5 ()

A simple lower and upper bound of ||A|| can be defined

1

<l < (X )

0,
Matrix norms have extremely useful applications in determining the existence of invereses.
Theorem 7.11 ()
Let A be invertible and

1
|A - B|| < ——=
14 =Bl < 1=

in the sense that B is "close" to A. Then B is invertible.

We now proceed to another crucial decomposition, called the singular value decomposition. While the JNF
allows us to choose the most convenient choice of basis for a square matrix, the Singular Value Decomposition
(SVD) allows us to decompose general m x n matrices.

Theorem 7.12 (Singular Value Decomposition)

Any linear mapping M from an n-dimensional inner product space to a m-dimensional inner product
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space can be decomposed into

g1 0
N
[ : S 2 —
M=U2V=|y v ... ynm op 0 _
[ B * *
o \e . —
0 ... 0 ... 0

where U € U(m),V € U(n) and ¥ has diagonal elements with nonnegative real entries. Also, p =
rank(M) < min {n, m}. This form is known as the singular value decomposition. The columns of U,
denoted y;, are called the left singular vectors and the columns of V' (i.e. the rows of V1), denoted z;,
are called the right singular vectors. The diagonal entries of ¥ are called the singular values. The SVD
is unique up to the order of singular values, but it is generally constructed so that o1 > 02 > ... > 0o,

To provide a brief, yet unrigorous, justificiation of why the SVD exists, we look at the linear mapping
M:X — Y, withdimX =n,dimY =m. If M is injective ( <= m > n), given the basis {e;} for X, we
can complete the linearly independent set {Me;}? | to a basis in Y and represent M as the mapping

Einj: In
0O ... 0

If M is surjective ( <= m < n), then given basis {f;}/”; of Y, we can choose a basis {e;}}_; of X such
that M(e;) = fi(i =1,2,...,m), and M(e;) = 0 when ¢ > m. This produces the matrix

0
Zsurj = 1,

We now present the following theorem without proof.
Theorem 7.13 ()

Any map M : X — Y can be written as a surjective map followed by an injective map.

This theorem implies that any map, when given the right choice of basis, can be written as

0 1 0

I, .. 0

Ying Msurj = e | = 1 0
0 0 .. 0 O 0 ... 0 0

where rk(M) = p = the number of 1’s in 3;,,;%4,,;. As for choosing the proper set basis for X and Y, we
can find these passive transformations in the unitary groups U(n) and U(m).

We now present a geometric description of the singular value decomposition. Think of the unit n-ball being
rotated and flipped (VT applied) under the unitary transformation. Then, it is stretched along its othogonal
axes to result in an ellipsoid living in an m-dimensional space. The factor of stretching and compressing the
axes are precisely the singular values. Finally, this ellipsoid is rotated and flipped (U applied) back to its
original basis.
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Theorem 7.14 ()

Geometrically, we can see that the largest singular value is the matrix norm, also called the operator
norm.

|M]| = o1

Theorem 7.15 (Properties of Singular Values)

Given linear mapping A from a n-dimensional inner product space to m-dimensional inner product
space,

2.VU €U(m),V € U(n), 0,(A) = 0;,(UAV)

3. Relation to eigenvalues

o7 (4) = Xi(AT4) = X;(44T)

We now present the (not the best) process of computing SVD of small matrices by hand. Given matrix
M, M =UxV! —= MM = VX2Vt The eigenvalues of MTM are o? with corresponding eigenvectors
being the columns of V, which can all be found by putting MTA into JNF. We repeat this process for
MM = UX2U? to find the eigenvectors that make up the column vectors of U.

Theorem 7.16 ()

Let A: X — Y, with dim X = n,dimY = m, and let & < min {m,n}, with A = UXVT. Then,
amongst all rank k& m X n matrices B, the matrix A®*) minimizes

14 = Bll2, A® =Us®VT

and (%) is ¥ with Ok+1 = Of+2 = ... = 0. Therefore, to see how "close" B is to A, we can compare
the singular values of A and B, given that they both have the same unitary matrices U and V.

The singular value decomposition has many applications in high dimensional data analysis and data com-
pression. For example, in a set of m data points in R™ that each lie in the rows of matrix A, if the singular
values of A suddenly drops (e.g. 120, 118, 107, 98, 2, 1, 0.3, ...) then we can determine that the points
"almost" lie in a subspace in R”. Knowing this allows us to compress high dimensional data to A®), which
is a more manageable form. This is especially useful in the data compression of electronic images, where
each pixel is treated as a single number to form a matrix.

It can also be used to define the "pseudo-inverse" of a matrix that may not be invertible.

Definition 7.16 ()

Given matrix M = ULV in SVD, we define the pseudo-inverse Mt = VE+UT, where £t is ¥ with
entries o; 1 or 0 if 0; = 0. For example,

300 1/3 0 0
 =(0 2 o] =xt=[0 1/2 0
00 0 0 0 0

— M*tM = VE+txVi If M is square and all 0; # 0, then MM = VVI —= MM =1 =
Mt =M1

By computing the SVD of M, where o, # 0,p = tkM = 1kX, we can automatically compute the 4
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fundamental spaces.

| g1 0
| (o) 0 +
M=UxV= v | v v
| op 0 -
| 0 0 .. 0 0 st
.ImM =C(U)

.kerM = R(VY)=C(V)
. ker MT =C(U")
.Im Mt =0(V) = R(VT)

W N =

>

One of the main differences between the JNF and SVD of a matrix A lies in how they are affected by
perturbations in the elements of A. For example, take the small change

(11 L1 1
A‘(o 1>_’A_(0 1.00001)

The SVD of A’ will "change" continuously for changes in the elements of A, but the JNF of A is completely
different from the JNF of A’. More specifically, the JNF of A is A itself, but the JNF os A’ is now diago-
nalizable, meaning that the 2-dimensional eigenspace E(1) "breaks up" into two 1-dimensional eigenspaces
from small perturbations.

Definition 7.17 ()
The Frobenius norm of a m x n matrix A is defined
%
I|A||p = /Tr (ATA) = VTr 32 = (Zafj)
2,7

By Singular Value Decomposition, we can reduce its calculations to

il = /302

where 0;’s are the singular values. Clearly,
[Allz < [|M]|F

In quantum mechanics, the Frobenius norm is also called the Hilbert Schmidt norm in the context of
infinite dimensional Hilbert spaces.

We end by defining two more common decompositions of square matrices.
Theorem 7.17 (Schur Decomposition)
Every n x n matrix A over C can be decomposed into
A=QTQ!

where @ € U(n) and T is upper triangular.
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Proof.

This is an obvious result of the Grahm-Schmidt algorithm.

Theorem 7.18 (Polar Decomposition)
Every complex n x n matrix A can be factored into the form
A=UP
where U € U(n) and P is a positive semidefinite self-adjoint matrix. If A is a real matrix, then
U € O(n).
Proof.

We take the SVD to get
A=wxvt

and we can assign
U=wvt p=vzvt

Since V, W are unitary, this confirms that P is positive definite and self-adjoint along with U being
unitary. Thus, the existence of the SVD implies the existence of the polar decomposition.

7.4 Positive Definite Matrices

Definition 7.18 ()
A self-adjoint linear mapping H from a real or complex Euclidean space onto itself is positive definite
if

(,Hz) >0 for all z # 0

H is called positive semidefinite if
(x,Hz) >0
Theorem 7.19 (Polar Decomposition)

Given a Euclidean space E™ and any linear endomorphism f of E", there are two positive definite
self-adjoint linear maps hq, ho € End(E™) and g € O(n) such that

f=gohi=hyog
That is, such that f can be decomposed into the following as shown in this commutative diagram.

]E”*HE"

| 2]

Er M, gr

Theorem 7.20 (Properties of Positive Definite Matrices)

Here we state basic properties.
1. I is positive definite.
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2. Positive mappings form a subspace in the space of linear mappings.

M, N positive = M + N is positive
M positive = aM is positive for alla € F

3. H positive and Q invertible = QtHQ positive.

Theorem 7.21 ()

H is positive definite if and only if all of its eigenvalues are positive. Furthermore, every positive
mapping is invertible.

Theorem 7.22 ()

Every positive mapping M has a unique positive square root. That is, there exists a unique positive
mapping N such that
N?=M

We denote N as M.
Definition 7.19 ()

Given that M, N are positive definite mappings.

M >N <= M — N >0, that is, M is positive

Theorem 7.23 ()
If M, N are positive definite mappings

M>N = M '<N!

Proposition 7.6 ()

In R™ endowed with the dot product, a n X n matrix A is positive definite if and only if
(z,Ay) = zT Ay > 0

for every =,y € R™. A is positive semi-definite if and only if

(z,Ay) =2 Ay > 0

The following is a useful fact regarding inner products of R™.
Proposition 7.7 ()

The set of all inner products that can be defined on R"™ is bijective to the set of positive-definite
symmetric n X n matrices A (which is itself bijective to the set of all positive-definite mappings).
That is, every inner product of R™ can be defined

(z,y) =2 Ay

a Note that when A = I, the inner product is the regular dot product.
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7.5 Stochastic Matrices, Markov Chains
Definition 7.20 ()

A real n x n matrix P is entrywise positive if all entries are positive real numbers. We similarly
define entrywise positive vectors having components as positive real numbers. With this notion of
positiveness. We can define

A>B < A-B>0 < (A—B);; >0Vi,j

Note that this definition of positive matrices is not the same as positive-definite matrices!
Theorem 7.24 (Perron’s Theorem)

Every entrywise positive matrix P has a real dominant eigenvalue, denoted A(P) € R satisfying
1. A(P) > 0, and the associated eigenvector h > 0
2. A(P) is a simple eigenvalue
3. every other eigenvalue k satisfies: |k| < A\(P)
4. there is no other eigenvector > 0, i.e. all other eigenvectors have at least 1 negative entry.

Definition 7.21 ()

A stochastic matriz is a matrix A where the elements of each column a; sum up to 1. A is doubly
stochastic if A and AT are stochastic.

Theorem 7.25 ()

Let S > 0 be a positive stochastic matrix. Then, A(S) = 1. Furthermore, given any nonnegative

vector z > 0,

lim SNz =ch
N— oo

where h is the dominant eigenvector and c is some positive constant.

A common application of this theorem likes in probability and statistics. Since nonnegative stochastic
matrices can be used to represent discrete-time Markov Chains, with the dominant eigenvector representing
the stationary distribution .

Another application lies within defining Google’s Page Rank Algorithm. Upon representing a page as a
node, if there is one link that directs the user from page A to page B, we can represent this as an oriented
path from node A to node B. Given that we have n nodes, we can construct a n X n matrix A where

number of paths from node i to node j

Aij IR
> number of nonzero entries in jth column

For example, the adjacency matrix of the directed graph of five nodes
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is

000%0
fo
2 000 5
00 %+ 0 3
010 % 0

However, the theorem above requires the matrix to be strictly positive, which is often not true for Markov
chains in general. This theorem does not hold true in the following example,

0 00 % % 0 % 0

Lo o & L 9/20 L 11/20
_ 2 1000 _ 1001 o
A=16 00 1| =4 % 11204 % 9/20

1000 3 0 3 0

That is, ANv oscillates between these two values. Furthermore, given three notes A, B, C' as such

the entries of the adjacency matrix is not well-defined.
00 7
0 0 7
11 7

Google CEO Larry Page actually developed a solution by implementing what he called a dampening factor.
Given stochastic matrix B;; = %, he redefined the chain to be

M=adA+(1-a)B,0<a<1

It is clear that M is now a strictly positive stochastic matrix. The « is the dampening factor, and its optimal
value is known to be about 0.67. The value of the alpha determines how much of the data is "washed away."
When a = 0, none of the data is lost, and when « = 1, all of the data is lost.

Due to the limitations of Perron’s theorem, we can extend it with the following.
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Theorem 7.26 (Frobenius Extension to Perron)

Any n x n matrix F' > 0, F' # 0 has eigenvalue A such that
1. A\>0and Fh=Ah, h >0
2. every eigenvalue « satisfies: |k| < A
3. if |k| = A, then

27

K=e "fk)\, k,m€Zi, m<n

7.6 Duality Theorem

In this section we will denote vector inequalities as entry-wise inequalities.Recall that elements of a vector
space X can be interpreted as column vectors, and elements of the dual of the vector space X* can be
interpreted as row vectors. Therefore, value of ¢ at x is denoted

d(x) = g1y + Pava + ... + Ppp

Furthermore, the dual of X* is X itself, and given that Y is a linear subspace of X, the annihilator of Y+
isY.
X=X Y=Y

Suppose Y is defined as the linear space spanned by the m vectors y1,ys, ..., Ym in X. That is, Y consists of
all vectors y of the form

m
y=>ay
j=1
It is clear by linearity that ¢ belongs to Y1 if and only if

¢(yj) = 07 J = 1727 w1

That is, a vector y can be written as a linear combination of m given vectors y; if and only if every ¢ that
annihilates the m vectors a also annihilates 0. Now, we state a theorem that allows us to check if a vector y
can be written as a nonnegative linear combinations of the y;s.

Theorem 7.27 ()

A vector y can be written as a linear combination of given vectors y; with nonnegative coeflicients if
and only if every ¢ € X* that satisfies

C(y;) >0, j=1,2,..m

also satisfies
C(y) =0

Proof.

The proof is not the easiest to construct rigorously, but it can be visualized easily.

Corollary 7.2 ()

Given a n X m matrix Y, a vector y with n components can be written in the form
y=Yp, p=0

if and only if every row vector ¢ that satisfies

Y >0
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also satisfies
Cy>0

Theorem 7.28 ()
Given an n X m matrix Y and a column vector y with n components, the inequality
y=Yp, p=>0
is satisfied if and only if every { that satisfies
Y>0, ¢=0
also satisfies
Cy=>0
Theorem 7.29 (Duality Theorem)

Let Y be a given n X m matrix, y a given column vector with n components, and v a given row vector
with m components. Let
S = sup{yp}
P

for all column vectors p with m components satisfying y > Yp, p > 0. A well-defined such p is called
supremum admissible. Additionally, let

5= igf{cy}

for all row vectors ¢ with n components satisfying v < ¢Y, ¢ > 0. A well-defined such ( is called
infimum admissible. Given that admissible vectors p and ( exist, then S and s are finite and

S=s

7.7 Alternating Sign Matrices

We now describe a generalization of permutation matrices. While these kinds of matrices haven’t been
studied deeply, its applications lie in measuring the computational complexity of the Dodgson Condensation
method for computing matrix determinants. The set of alternating sign matrices also forms a bijection with
combinatorial objects, such as plane partitions, aztec diamonds, ice models, etc.

Definition 7.22 ()

A matrix with elements 0,—1,1 where nonzero entries must alternate in the following pattern:
1,-1,1,...,—1,1 (i.e. begin and end with 1) is called an alternating sign matriz. This means that
every row and column must add up to 1.

Example 7.2 ()

The following are alternating sign matrices.

|
—_
—_ o oo

o O = O
—
O O = O
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As with permutation matrices, we would like to calculate how many n X n alternating sign matrices there
are for a given n. Let the set of all n x n alternating sign matices be denoted

ASM(n)

Proposition 7.8 (Alternating Sign Matrix Conjecture (Proved))

The number of n x n alternating sign matrices is the following.

n—1

card ASM(n) = H

k=0

(3k +1)!
(n+k)!

We now define a bijection between ASMs and another type of n X n matrix. Given A € ASM(n), we define
f: ASM(n) — Mat(n, {0,1}) such that

n

(f(A)),; =D ()

k=i

Basically, we leave the bottom row untouched and for each element on upper rows, we sum that element
with all of the elements strictly below it. For example,

0 1 0 0 111 1
1 -1 0 1 101 1
o1 00|l 7fo110
0 0 1 0 0010

Theorem 7.30 ()

The set of matrices Im(f) C Mat(n,{0,1}) is bijective to the set of n x n 6-vertex (or Ice-type)
models, which are used to model crystal lattices for hydrogen bonds.

8 Numerical Methods in Solving Linear Systems

In this section, we will concern ourselves with a system of equations with only one solution, represented by
the matrix equation
Ax =10

where A is an invertible square matrix, b some given vector, and x the vector of unknowns to be determined.

An algorithm for solving the system takes as inputs the matrix A and vector b and outputs some approx-
imation to the solution x. However, with billions of arithmetic operations on top of each other, the errors
can accumulate. Algorithms for which this does not happen are said to be arithmetically stable.

The use of finite digit arithmetic places an absolute limitation on the accuracy with which the solution can
be determined. To demonstrate this, let us imagine a change b being made in the vector b, which causes a
corresponding change in x, denoted e in x, denoted dz.

Alx +z) =b+db = Adz =db

To compare the changes in = with the changes in b, we define the following variable.
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Definition 8.1 ()

The relative change in x with the relative change in b is the quantity

] [
|z /ol

where the norm is convenient for the problem (usually a numerical approximation of the Euclidean
norm for floating point numbers). We will assume the use of the Euclidean norm from now on. We
can rewrite the value as the expression below with the following upper bound, denoted by k(A), called
the condition number.
bl |6z _ |A=| |A~" 0]
[ |60 fx]  [6b]

where |A| is the matrix norm of A. A high value of this relative change would mean that small
perturbations in b would cause large changes in x.

< |AllATY = w(4)

Note that k(A) > 1. Notice also that the higher the condition number k(A), the harder it is to solve the
equation Az = b, and k(A) = co when A is not invertible. For a k-digit floating point arithmetic, the relative
error in b can be as large as 10~%, meaning that the relative error in x can be as large as 107 %x(A).

Let 8 be the largest absolute value of the eigenvalues of A and « as the smallest absolute value of the
eigenvalues of A. Then
8

1
B<IAL = < A7 = = <K(4)
o |al

Definition 8.2 ()

An algorithm that generates an exact solution after a finite number of arithmetic steps is called a
direct method (e.g. Gauss Elimination). An algorithm that generates successive approximations that
converge onto the solution is called an iterative method.

The methods mentioned in this section will be iterative.
Definition 8.3 ()

Let {z,} be the sequence of approxmations generated by such an algorithm. The deviation of x,
from the true value x is caelled the error at the nth stage, denoted by e,,.

en =Ty — T

The amount by which the nth approximation fails to satisfy the equation Az = b is called the nth
residual, denoted by 7.
rn = Az, — b

Error and residual are related by the equation.

r, = Ae,
Note that since we do not know z, the error cannot be calculated, but the residuals can be. We further
restrict our scope to solving linear systems in which A is real, positive, and self-adjoint. Clearly, we already

know that |A| = S, and since A is positive, we can conclude that

1
A7 = <
«
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which implies that

8.1 Method of Steepest Descent

Assume that n x n matrix A is self-adjoint.
Theorem 8.1 ()

The solution of Az = b minimizes the functional

E(y) = %(y,Ay) —(y,0)

where (-, -) is the Euclidean dot product. That is, the solution z is
. (1l
v =min {E(y)} = min {Q(y,Ay) — (v, b)}

Proof.
Add to E(y) a constant, that is a term independent of y to define a new function F.

1

F(y) = B(y) + (@)

Then, by self adjointness of A, we can express F(y) as

F(y) = 505 Ay) — (:0) + 50,
1 A 1 A IA lA
:i(yv y)_i(yv I)"’i( xvx)_i( y7$)
= S (5 Ay~ 2)) + (A~ 9),2)
:%(yfva(yfx))

Since F(z) = 0 and F(x) > 0 (since it is an inner product with repsect to y — z), F(y), and also
E(y), takes a minimum at y = x.

Now to actually compute the value of x, we us the method of steepest descent. Note that E : R™ — R, so
we can utilize ordinary calculus on it. The gradient of F can be computed by the formula

grad E(y) = Ay — b
So, if our nth approximation is x,, then the (n + 1)st approximation, x,1, is calculated as
Tpt1 = Tp — S(Azy, — b)

where s is the step length in the direction —grad E. By calculating the residual r,, = Ax, — b, we can rewrite
the above to

Tpil = Ty — ST
Rather than keeping s constant, we can actually determine an optimal value of s at the nth step, denoted
Sn, which minimizes E(x,1). This quadratic minimum problem is easily solved, since

E(zpi1) = %(mn — srp, Az, — srn)) — (wn — srp, b)

1
= E(x,) — s(rp,rn) + 532(1“”14%)
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By taking the derivative and computing the value of s where E(z,1) = 0, we see that the minimum is

reached when
(PnyTn)
(rn, Ary)

§ =58, =

Theorem 8.2 ()

The sequence of approximations {z, }, with s optimized to be s,,, converges to the solution of Az = b.

The error bound for this algorithm is

llenl* < 2(1 - H(lA))nF(xo)

which shows that the error e,, tends to 0 in R™. However, this algorithm has a very slow rate of convergence
for large k(A).

8.2 Method of Chebyshev Polynomials

the disadvantage of the method of steepest descent mentioned in the end of the last subsection renders it
quite outdated and obsolete. this next method has a much better error bound that can handle large values
of x more efficiently. however, we will need a positive lower bound m for the smallest eigenvalue of ¢ and an
upper bound m for the largest eigenvalue. that is,

m<a,B<m

and all the eigenvalues of a lie in the interval [m,m]. it follows that

m
n:é<f
« m

we generate the same sequence of approximations {z,} by the same recursion formula
Tni1 = Ty — s(azy, —b) <= Tpi1 = (1 — spa)Ty, + S,b

since the solution of x satisfies the formula; that is, since x = (i — spa)x + s,b, we subtract this equation
from the top to get
ent1 = (i — spa)e,

doing this recursively, we can deduce an explicit formula

n=pn(a)eo = [[(1 - sna)

n=1

this allows us to estimate the size of e,,.

llenll < [lpn(a)llleol]

the norm of a self adjoint matrix a is the largest |a|, where a is the eigenvalue, and the spectral mapping
theorem states that the eigenvalues p of p,(a) are of the form p = p,,(a), where a is an eigenvalue of a. this
means that
lall < max fal = [pafa)l| < max [pa(o)
so, we are left with the bound
leall < lleoll max [pa(a)
m<a<m

to get the best estimate of e,, we have to choose the si,s9,..., s, so that the polynomial p,, has a small
maximum on the interval [m,m]. note that the polynomial p,, satisfies the normalizing condition

pn(o) =1

to find such a polynomial, we must first define chebyshev polynomials.
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Definition 8.4 ()
the nth chebyshev polynomial t, is defined for —1 < u <1 by

tn(u) = cos(nf), u = cos(f)

Proposition 8.1 ()

among all polynomials p,, of degree n that satisfy p,(0) = 1, the one that has the smallest maximum
on [m,m] is the rescaled chebyshev polynomial that rescales values from [—1,1] to the interval [m, m)]
while preserving the condition that p,(0) = 1. this polynomial is expressed as

-2
m—m m-—m
m-—m Efl k—1

since |t, (u)] < 1 for |u| < 1, this also implies that

tn(m+m2a> <1

m—-m

now, assuming that m/m = k&,

combining this together, we get

K+
< =
leall < lleall o @) = lleal /2 (555

it is a fact that higher order chebyshev polynomials tend to infinity faster once the value reaches out of
[—1, 1], meaning that as n — oo, ¢, ((k+1)/(x — 1)) will also tend to infinity (note that (k+1)/(k —1) is a
constant, implying that e,, tends to 0 as n tends to infinity. the error bound for e, is given by the following

2 —n 2 n
leall < 2(14+ ) lheall = 2(1 = 22 ol

once again, this confirms that e,, — 0 as n — oco. furthermore, when « is large, the error bound works with
\/k, which is must smaller than « itself. so, e, converges much faster through this algorithm than through
the method of steepest descent.

9 Tensors as Multilinear Maps

There are multiple ways to construct tensor product spaces. Note that all the constructions are equivalent
and will lead to the exact same properties of tensors. The first method defines tensors outright as multilinear
maps, without the need for a basis.

9.1 Tensor Product of Two Spaces
Definition 9.1 ()

The tensor product of two vector spaces V and W is a vector space, denoted V @ W, created by the
bilinear map

Q:VXW —=VeW, (z,y) »zQy
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That is,
VeoW={zy|zecV,yec W}

where the elements of V ® W are called tensors. Note that since we have defined the operation ® to
be bilinear, it satisfies the properties
1. (w1 +u) @V =11 QU+ 1us Qv
2. 0® (u1 +uz) =v®u; + v usg
3. (M) @v=u® (\v) =A(u®v)
Moreover, each tensor x ® y is itself a bilinear operator
rRy:V*QW* —F
Using these properties we will deduce further qualities of tensor product spaces. First, given a basis {e;} of
n-dimensional space V' and {f;} of m-dimensional space W, we can construct a basis

{e®fi|1<i<n1<j<m}
of V ® W using only the bilinearity properties of ®.

Example 9.1 ()

Let V* be a 4-dimensional vector space with basis {e”, e!, e?,e3}. Then the basis of V* @ V* is
{"®e, P ®el, 2@, 2 ®@el,
el el@el, el @e?, el @ e,
e ® eo, e? ® el, e ® 62, e?® 63,
edeel, e, ®e? e’}
That is, every tensor can be expressed as a linear combination of these vectors, which implies
dimV @ W = (dim V) (dim W)
By equality of dimensionality and bilinearity, it is obvious that
V@ W ~ Hom(V x W,F)

In fact, they are naturally isomorphic.

Notice that we still haven’t actually defined how to "calculate" using the operator x ® y. It turns out that
defining a tensor product is unique up to isomorphism. That is, if (V ® W, ®;) and (V ® W, ®3) are two
tensor product spaces sufficing bilinearity, then V @1 W ~ V ®2 W. This result is formally stated in the
proposition below.

Proposition 9.1 (Universal Property of 2-tensors)

With this constructed basis, we can claim that for every map ¢ : V x W — F, there exists a unique
linear map ¥ : V ® W — F such that

olx,y) =Y(Ey)VeeV,ye W

Proof.

Since {e; ® f;} is a basis for V @ W, we know that every element z € V ® W decomposes uniquely
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into
z = Zzijei ® fjv Zij € F
i,J
Thus, by linearity it suffices to define these maps for the basis vectors. This linear map is determined
as

Y(ei ® fj) = plei, f5)

Denoting the map that is defined by taking all e; ® f; — (e;, f;) as S, we can see that S is clearly an
isomorphism defined such that the diagram below commutes.

VoW — 5 F

ls =
V xW
That is, the unique isomorphism S exists that determines 1 such that
Y=¢olS
which means that all definitions of ® are equivalent under S. Note further that S determines the isomorphism
(Vo W)" =Hom(V @ W,F) ~ Hom(V x W,F)

Therefore, it does not matter how we choose to concretely define the operator x ® y for computations.
However, it is customary to define it as

(z@y)(, ) = a(z) - Bly), € V", 5 e W"
Given z®y € V ® W, we can also choose to input elements "partially." That is, if we only input one vector
a € V*into x ® y, we get
(z@y)(a,) =a(@)y() = a(z)y e W
meaning that the isomorphisms below are all canonical
V@ W ~Hom(V x W,F) ~ Hom(V*, W)
This means that
V*®@ W ~ Hom(V, W)

That is, an element a ® y € V* ® W is a linear map from V to W! We will focus a bit more on elements
of V* @ W. Given the previous bases e; and f; for V and W, let {¢;} be the dual basis for V*. Then, the
tensor a @ w € V* ® W can be represented as

aR@uwW = <Zai6i) &® (Zijj>
i J
:Zaiwj€i®fj :ZAij6i®fj
i, iJ

In fact, the A;; are precisely the 7jth components of the matrix representation of linear operator o ® y with
respect to basis {¢;} and {f;}. Indeed,

e = (Leoh)e
i,J
= ZAijei . (5; = ZAijei
.5 i

which is consistent with the column space interpretation of matrix multiplication discussed in the beginning
of Chapter 4. The realization of this tensor product between a covector and a vector is realized as an outer
product.
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Definition 9.2 ()

Given vector spaces U, V with defined bases in each of them, the outer product of two vectors u € U
and v € V is defined

uy uU1v1 U1 Up,

u U201 U2V
uRv=ul = ®(v1 vn) = "

U, Uy V1 e U Up

Note that the ® symbol in here represents the outer product, not the tensor product. Note that the
tensor rank of the outer product of two vectors is (2, 0).

Abstractly speaking, the outer product of u € U and v € V is the element u®v € U®V, which is a rank-(2,0)
tensor, not a rank-(1,1) tensor! Just because it "looks" like a matrix, © ® v should not be interpreted as a
linear map. Such a m X n matrix could really be the realization of either a (2,0) tensor, (1,1) tensor, or a
(0,2) tensor.

However, if U is an inner product space, then it is possible to define v X v as a linear map from U — W.
The structure of the inner product on U allows us to define the canonical isomorphism ¢ between U and U*.
Then, we can define the canonical injections i : U — U® V and j : U* — U*® V to get the commutative
diagram

U—2 L,y

Given that
¢(u) =1 such that (u,z) =1l(x)Ve € U

we can define the mapping v : j¢i~! such that
Yuev)=¢u)Ru=IlevelU @V
which is ultimately a linear mapping from U — V since
L@ v(ug,-) = l(uo)v(-)
with I(ug) € F and v(-) a vector. This proves the following theorem.
Proposition 9.2 ()

The matrix rank of the outer product of any 2 vectors is 1.

Proof.

Trivial.

We can extrapolate and see that for higher order tensor products, we would get an n-dimensional array of
scalars. A matrix is a 2-dimensional array of numbers since it is the tensor product of two vectors.

Definition 9.3 ()

Given vector spaces U,V with defined bases in each of them, the Kronecker product of two vectors
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u € U and v € V is defined

U1V
U1
U1v2
_ | w2
UDKron V= & (vl vn) =
U UmUn—1
Um Un,

Clearly, the outer product and Kronecker product are closely related, and we can interpret the Kronecker
product as a form of "vectorization" or "flattening out" of the outer product.

9.2 Higher Order Tensor Product Spaces
Since U ® W is a vector space itself, we can multiply it further to create higher order tensor product spaces.
UWeU® ..

Note that by construction, the operation of tensor product on vector spaces is commutative and associative
in the sense that
VW~WeV

and
UV)oW U (VW) 2UVeW

which allows us to write tensor products of any finite number of vector spaces V1, Vs, ..., V,, without paran-
theses. By induction, we can keep constructing higher order tensor products as such
Vi@V, — (Vl®V2)®V3—> ((V1®V2)®V3)®V4—>...
to get the tensor product space
n
Rvizviehe..al,
i=1
with tensors in the form .
®vi =N QRURUIR ... QUy,; v; €V
i=1
defined as the following multilinear map

n

évi : ﬁvi* — F, <®Uz> (Ll osly) = ﬁvi(li)v L eV
=1 =1 =1

=1

This map can then be used to easily see the following statement

évi ~ Hom(ﬁ V;,IF)
1=1 =1

Similarly to the section about the tensor product of two spaces, we can "partially" fill in the inputs of a
general tensor v; ® v ® ... ® v, to interpret them as multilinear operators that can take in k vectors and
output n — k vectors. That is, tensors (written as 7 below) are multilinar maps from a cartesian product of
vector spaces to a tensor product of vector spaces.

TZV1X...XVn—>W1®...®Wm

For example,
n n n
Hom (T vi*,F) = Hom (] vi",vi) = Hom ([ Vi i@ V2) = ..
=1 1=2 1=3

Furthermore, we can generalize the universal property of two tensors to the following proposition, which is
also called the fundamental principle of tensor algebra.
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Proposition 9.3 (Universal Property)

Given a linear mapping ¢ : V; X ... x V,, — F, there exists a unique linear map ¢ : V1 ®...QV,, — F.
That is,
Hom(@Vi,F) = <®VZ> ~ Hom(HVi,F)
i=1 i=1 i=1

Definition 9.4 ()

Given that
{€7J} =1 OfV]7 .7 - 1727"'7

are n sets of bases for each Vj,

{®ei_7}i1 ..... i, is a basis of é V;

=1 j=1

Proposition 9.4 ()

Given vector spaces Vi, Vo, ..., V,,,

dim é Vi = ﬁ dim V;
i=1 i=1

Proof.
This follows naturally from the construction of the basis.

We move on to talk about something quite enlightening: the tensor product of linear operators, which are
themselves tensors.

Definition 9.5 ()
Given linear operators A € End(V'), B € End(W), we can construct the linear operator

A® B e End(VeW)
such that

(A®B)(z®y)=Az®@Byc VoW
Notice that since A, B are linear operators, they are tensors. More specifically, A = a ® u and
B=pg®w, so
(A®B)(z®y) = Az ® By

— (a®uwz® (Bov)y

=a(z)By)uev
(a®B)(z®y)(udv)(,")

(e®p) @ uev)(zey), ()
(@®B)® (uav))(z®y)

— AQB=a®u®uw.

We will work through an example that gives the matrix representation of the tensor product of linear
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mappings. For simplicity, let us work with the example when
A= air a2 B= bi1 b2
asy Qs )’ ba1  boo
Given that U has basis {u1,u2} and V has basis {v1,v2}, U ® V will have basis

{u1 ® v1,u1 ® va,us @ V1, up ® Va2 }

We then define the induced linear mapping A® B : U® V — U ® V by defining it on its basis vectors.
Note that the linear mapping (A ® B)(u ® v) must be an element of U ® V, implying that it is defined

(A® B)(u®v) = Au ® Bv

This is called the tensor product of operators A and B. So, the tensor product of matrices A and B can be
calculated

(A® B)(u1 ® v1) = (a11u1 + az1uz) @ (b11vy + b21va)
= a11b11(u1 ® v1) + a11b21 (U1 @ v2)
+ a21b11 (U2 @ v1) + az21b21 (ug ® v2)

(A® B)(u2 ® v2) = (ar2u1 + azzuz) @ (b1avy + baava)
= a12b12(u1 ® v1) + a12b22(ug ® v2)
+ ag2b12(u2 @ v1) + azzbea(ug ® va)

In matrix form, this results in the 4 x 4 matrix (also in block form)

a11bi1  aibiz  aizbin  aiabia
a11ba1  aitbaa  aizbar  a1abaa (auB a12B>
ag1bi1  ag1bia  azzbin  asobia an B ax2B
a21ba1  agibay  agabar  aoaban

A® B =

representing the linear transformation from U ® V' to itself under the basis {u; ® v, }.
Proposition 9.5 ()

In general,the tensor product of matrices A € End(V) and B € End(W) (with basis of V, W defined)
is the (mn) x (mn) matrix

(InB algB a1nB
A ® B= CL21B a2QB agnB
am B a2B ... ap,B

represented in block form.

Proposition 9.6 ()

TrAB=TrA-TrB
det A® B = (det A)"(det B)™
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Proposition 9.7 ()
For finite dimensional space V and W,

End(V @ W) = End(V) ® End(W)

9.3 Contractions, Tensor Algebras

Definition 9.6 ()

Given vector space V, a rank (k,1)-tensor product space of V, denoted ']TfV, is defined

k l
TV = (®V) ® (®V> =V g V!
i=1 j=1

That is, TF is the space of all (k,l)-tensors. A rank (k,l)-tensor is an element of a rank (k,[) tensor
product space. Note that all tensors are vectors and all tensor product spaces are vector spaces, too.
The order in which we multiply V’s and V*’s matter, but in most cases, and from now, we will work
with tensor product spaces strictly in the form

Ve g Vel

where the V’s are multiplied first and V*’s last. So, T} = V @ V*, but T} # V* @ V. We can do
this because the tensor product of spaces are commutative in the sense that we can always find an
isomorphism

VoW=W=>=V

Example 9.2 ()

F is a rank (0,0)-tensor space. V is a rank (1,0)-tensor space, and V* is a rank (0,1)-tensor space.

We can now think of the tensor product now as a bilinear operator

®: TPV x T,V — TPITV

q+s
such that
p q p+r q+s p+r q+s
(Que@u)o( @ v @ w)-QuaQu v
i=1 j=1 i=p+1 j=q+1 i=1 j=1

Proposition 9.8 ()

T3V ~ End(V) ® End(V)

That is, the tensor multiplication T} x T} — T3 is precisely the multiplication of the linear operators.

Proof.
Letting A=u® a, B=v® 8 with u,v € V and «, § € V*, we know that
APB=u®@va®p

= End(V)QEnd(V)=2VeVeV*®V*~T:iV.
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When working with tensors in general, we use the Einstein Summation Notation to write vectors in shorthand
form
n
Ate, = Z Ale;
i=1

The indices in this context are not important here (but they are significant in physics). For example, the
Einstein notation for rank (2,0) tensors is written

Tyel®e = ZTWe“ ® e

8%

and for an n vectors,

n
Hi — H1 H2 He
Tl"lv~~~1”n®e =Ty, @R L@
i=1

E T, ®@e?® ... @ekm
K1y n

= Hi
- § : T/J'Iv-wl"n®e ‘
H1seesfin i=1

Since the coefficients of the shorthand tensor notation implies the tensors themselves, we can simply write

n

= i
- T)u'lv“u/-l'n ®6 ‘

i=1

T,

K1y sMm

Clearly, this notation is not restricted to the tensor product of contravariant vectors. For example,
TMO‘BV ' ®e,®eg@e’ = Z TH"‘BV e ®eq,@eg®e”
wyo v

is the form of a general tensor in the tensor space V* @ V ® V ® V*. Note that the order of the subscript-
s/superscripts in the coefficients of T matters, but again, we usually work with T# where vector spaces Vs
come first and then the dual spaces V*’s come later.

Example 9.3 ()
Let e, ® e” ® e* € T3. Then
(ep®e”® e)‘)(BEeG, Ades, C%%qy) = e, (Beef) - e’ (A%;) - e)C%,)
= B.A°C? 65,65 6)
= B,A"C* € R
We now define the contraction of a tensor.
Definition 9.7 ()
A contraction is a linear map
CZL:T§—>T§:}, 1<m<pl1<n<yg

defined as follows. Let us define the map

C‘,T:HVXHV* — TPV
p q
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such that (where the hatted elements are taken out)
(@15, Tp, 1, oy ) > A (T) 1 QT Q@ Tp Q1 B Oy ®

This is clearly a multilinear map, so by the universal property, there exists a unique linear map
Cm . TPV — TPZ1V such that

P q
®xi ®®aj = (Tm) ®xl ®®aj
i=1 j=1

This mapping C7 is called the mnth contraction of a tensor in THV.

Note that there are multiple mappings from T9 — ’]I‘Zj , depending on the choice of m,n. This contraction

function is also canonical, i.e. we did not have to endow any structures to V' to define C7,.

We could also contract multiple steps at once with the map T — TS:Z, but this is really just a composition

of single contractions

D p—1 p—2 p—k
T, — Ty — Ty — .. — T

Definition 9.8 ()
Given a (0, 2)-tensor Fi, 5, we can find its symmetric component
1
Flagy = 5(Fap + Fpa)

and its anti-symmetric component
(Fop — Fga)

| =

Flap) =
such that
Fop = Fiapy + Flag]

In shorthand form, to form a contraction, we can just write the indices that are being contracted as the same
letter.

Example 9.4 ()

When performing a contraction, it is common to make the indices that are being contracted the
same. For example, X ¢ q € V®3 @ V* can be contracted, so if we can choose the a and d indices to
contract, we get

X% cVeV
Proposition 9.9 ()

The contraction of a linear operator A = u ® « is its trace. Notice how that the vector u comes first
and the covector v comes second, since we're working in T} V.
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Proof.

Given that {e;} is the basis for n-dimensional space V and {f;} is the dual basis of V*.

C’ll(x@)a) =a(u) = (iaiﬂ) (Zn:xjej) = Zaimj f = zn:aixi
=1 j=1 i,J i=1

which is clearly the definition of the trace.

In addition to contracting a tensor with itself, we can contract a tensor X with another tensor Y.

Example 9.5 ()

XY, c VO @ V*

Proposition 9.10 ()

The contraction of a linear operator A = u ® a and a vector x is precisely Ax, the image of x under
the linear operator A.
Az =(u® o)z = a(z)u e V

Calculating this after defining coordinates aligns with matrix multiplication of form

— Al — Al-x
— A, —| [ Ay -z
x =

Proposition 9.11 ()

The contraction of the tensor product of linear operators A, B is just the regular composition AB.
Note that this contraction contracts the second index of A with the first index of B. That is,

C(A®B)=C((u®a)® (v 8) =aw)u®f € T}

Clearly, a(v) u®p is a really another linear map. We can evaluate ABz by performing the contraction
on AB first and then contracting it with x.

ABz = a(v)(u® B)(z) = a(v)B(z)u

Alternatively, we can evaluate ABx equivalently by performing the contraction on Bz first and then

A
ABz = () Av = a(v)B(x)u

Either way, it results in the same vector a(v)B(z)u. This is expected because tensor products are
associative.

Similarly, we can contract the tensor products of general tensors T and R, which is called a contraction of
T with R. Furthermore, just like linear mappings or vectors, we can factorize arbitrary tensors in their own
way. The field of math dealing with this is called Tensor Network Theory, which has multiple applications
in computer science, chemistry, and physics.
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Definition 9.9 ()

We can factorize a complex tensor X into a product of tensors that can be contracted to result in X.
We can think of factoring tensors as analogous to anti-contraction. This process is best illustrated
with the following example. Let us factor the tensor into three different tensors: a rank (1,2) tensor
A, rank (2,2) tensor B, and rank (1,2) tensor C.

Xabdehg = AabC ® Bde i ® Ccfh

We can visually represent factorization with the tensor network diagram

where the "inputs" at each node are covectors and the "outputs" are vectors. Therefore, the entire
diagram, which represents the tensor X has a total of 4 inputs (indices a,b,d,e) and two outputs
(indices h,g). We can see from the diagram that the indices ¢ and f, which travels "between" the

factors are the ones that are being contracted. Therefore, the contraction of ¢ and f contracts the
rank (4,6) tensor A® B ® C' to a rank (2,4) tensor.

A

CL}

B

\/@ A\

Definition 9.10 ()

The tensor algebra of vector space V over field F is an associative, noncommutative algebra defined

(V)= @V@)n — VYO0 g Yl 82 g VO3 g
n=0
=FoVeoVv®2eov®Bgov®g

with elements being infinite-tuples
(a, B*,C"Y,D%P¢ )

The addition operation is defined component-wise, and the multiplication operation is the tensor
product
@:T(V)xT(V) —T(V)

and the identity element is
I=(1,0,0,...)

Linearity is easily proved.

The tensor algebra is used to "add" differently ranked tensors together. In order to do this rigorously, we
must define the map (which is also an isomorphism)

ij: VO — T(V), i;(TF ") = (0,...,0, """ 0, ..., 0)
So, we can implicitly define the addition of arbitrary tensors A € V®" and B € V®™ as
A+ B=iy,(A) +in(B)eT(V)
along with the tensor multiplication of the form
AR B=1i,(A) ®im(B) =intm(AR B)
This allows us to alternatively define the tensor product operation as

ii(VE) @iy (V) =iy (VEUHD)
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9.4 Exterior Algebras and Symmetric Algebras

We can define the symmetric and exterior algebras multiple ways. In here, we will construct their powers
separately as quotient spaces and direct sum them to create their respective algebras. But first, we must
introduce the Schmidt decomposition, which is the foundation of all the results of this section.

Theorem 9.1 (Schmidt Decomposition)

For any w € U ® V, where U,V (dimU = n,dim V = m) are inner product spaces over F € {R,C},
there exists an orthonormal basis {u;} of U and {v,} of V such that

min {n,m}
w = Z au; @ U, o €T
i=1
Proof.

Since U ® V' ~ Hom(V*,U), we can interpret w as a matrix w. Using singular value decomposition,
there exists unitary matrices A, B and diagonal matrix ¥ such that

o = AXBt

C(A) and R(BT") determine the orthonormal basis of U ® V, and we can thus see that the minimum
number of required u ® v’s is precisely the number of nonzero singular values, which is the rank of w.

Definition 9.11 ()
Let I be a subspace of V ® V generated by elements of the form x ® x € V ® V. That is, given a
basis {e;} of n-dimensional space V, all tensors of the form z ® x € V ® V can be written
rTRT = Zai(ei ®€z) +wa(ez ®€j +€j ®€2)
i=1 i£j

which implies that the components of e; ® e; and e; ® e; must be the same for every element in 1.

Example 9.6 ()
Given that V is 2-dimensional, a vector z € V can be written x = ae; + bes, which implies

x®x = (aey + bes) ® (aey + bes)
=a%(e; ®e1) + able; ® e) + ba(ez ® e1) + b%(e2 ® e3)
a’(e1 ®e1) + b*(ex ® es) + aber @ ez +ea @ 1)

Since we can group the components e; ® e; and e; ® e; together to e; ® e; + e; ® e;, the basis of I is

{e1®@er,...,en@en,e1 @ea+ea®@eq, . en_1 Qep+e,Qeni}

Definition 9.12 ()

Now, we can define the second exterior power of V as

VeV
1

A%V =
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and it follows that .
dim A’V =n? —dim I = in(n -1

We denote the elements of A2V as z A y, which really just represents the equivalence class of z ® ¥
in the quotient space. It is clear that t® x € I =— x Az =0, so

O=(x+y)A(z+y)=xzAx+zAy+yAz+yAy
=z Ny+yAzx
— T Ny=-yAzx

That is, the wedge product is antisymmetric. Note also that we can assume distributivity of A since
it is just the quotient operation of another operation ® that satisfies distributivity. We can construct
a basis on A2V, given by

{ei AN € ‘ 1< ]}

Again, we note that ¢ < j since e; Ae; =0 and e; Aej = —ej Ne;.

One realization of the space A2R™ is the set of antisymmetric n x n matrices. We can construct higher order
exterior powers, too. For n = 3 (and assuming that dim V' > 3), the subspace I C V ® V ® V is the space
generated by elements of the forms

TRIRY,TRYRT, YR TR

Following a similar construction, the third exterior power of V is

VeveV

3 =
AV = 7

with its elements being equivalence classes of the form
TAYNz, z,y,z€V
such that

TNANYNz=—TcN2zNYy

—yANT Az
=—2zANyANx

The basis of A3V is
{einejNep|i<j<k} = dimA3V = %n(nfl)(an)
Generally, if o is a permutation of the ordered list (1,2, ...,n), and x1,xa, ..., z, € V, then
To(1) NToa) N Non) = sgn(o) 2y Ao A Ay
which means that if z; = x; for some 1 <14 # j <n,
T Ao N ... ATy =0
By constructing all the exterior powers of n-dimensional space V', we can construct the algebra

AV)=@PA V=LAV oA Ve A Ve .. eA"V
k=0
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Note that A°V = F and A'V = V. Unlike the tensor algebra, the exterior algebra is finite since the exterior
powers vanish for finite n. In fact,

< k<
dim A"V = {"C’“ O=h=n
0 n<k
which implies that
dim A(V) =27

Definition 9.13 ()
The nth exterior power A"V is 1 dimensional, spanned by the singular basis vector
etNesN...Nep_1Nep

This vector is the determinant. Note that this construction of the determinant is consistent with
our previous construction of the determinant of a matrix since e; A ... A e, is indeed multilinear and
antisymmetric. In its purest sense,

n
elA.../\en:HV*—>F
i=1

is a mapping that is multilinear and antisymmetric. But there is an inconsistency. The matrix
determinant takes in matrices rather than taking in n-tuples of covectors. However, we can interpret
the n covectors in V* x ... x V* as the column (or row) vectors of an n x n matrix. This completes
the realization, and so we can conclude that the matrix determinant is just a realization of the more
abstract determinant e; A ... A e,.

Note that any tensor in A"V satisfies multilinearity and antisymmetricity, but only the basis vector
e1 A ... N\ ey, satisfies the normalizing condition

detl =1

Since, given that the dual basis of V* is {f;}

n

(61 A A en)(fl,fg, ,fn) = Hez(fl) = H(S; = 1l
i=1

=1

Example 9.7 ()

Given 3 dimensional vector space V with basis {ej, es, e3}, the wedge product of two vectors a,b € V
is

aANb= (a161 + ases + a3€3) A\ <b161 + baes + b3€3)
= (a2b3 — a3b2)€2 AN €3 T (a3b1 - a1b3)63 Neyp + ((leg — (12[)1)61 N e2

which is essentially the formula for the cross product x in Euclidean space. We can therefore think
of the realization of the wedge product in 3 dimensional space V as the cross product.

AV XV — A2V
Note that A2V ~ V if dim V = 3, so we can construct the more familiar x operation in R3.
x :R¥x R® — A’R® ~ R3

which is consistent with x taking two vectors and outputting a third vector living in R?® that is
orthogonal to the two input vectors.
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Example 9.8 ()

The realization of the wedge product of 3 vectors in 3 dimensional space V' is the triple scalar product,
which we will denote as X3
AV XV XV — AV

Note that since A3V ~ V when dim V = 3, we can write
x3: R xR xR? — A’R3~ R

which is consistent with x3 taking three vectors and outputting the signed volume of their paral-
lelopiped which lies in R.

Now we introduce the symmetric algebra and its construction. Let I be the subspace of V' ® V' generated
by all tensors of the form
URQUV—-—vQu, u,v €V

For example, given a,b € V with basis {e1, e},

a® b—1b Xa= (a161 + a2€2) ® (b1€1 + b262) — (b161 + b2€2) ® (a161 + a2€2)
= (a1by — baay)e; ® ez + (az2by — baay)es ® €1

is an element of I. We can generalize this to see that
{e;®ej—ej@e}, 1 #
is the basis for I. Now, let us define the second symmetric power of V as

Sym?V = VeV

where, given that dimV = n,
. 2 o 1 1
dim Sym*V =n” — in(n -1) = §n(n +1)

We denote the elements of Sym? V as  ® y, which are really the equivalence classes {r®y—y®z}. Note
that

rQy—yoOr={zy—yRz}—{yr—zxy}
={rRy-yer-yr+ray}
={0}=0

— 2Oy =y That is, the ® operator is symmetric, and Sym? V has basis
{e: Oej}jzk

One realization of Sym? R" is the set of all symmetric n x n real matrices. We can construct higher symmetric
powers satisfying this property that its tensors are invariant under transpositions.

1 0.2,0 .2, 0.0, =210 ..2; © ..0; © .7y,

for all 1 <i # j < n, which implies that it is invariant under any permutation p € S, of the x;’s. Additionally,

n+k—1)

di Y =
im Sym” V ( 3
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Definition 9.14 ()

The symmetric algebra of vector space V is constructed as such
(o)
Sym(V) = @ Sym* vV
k=0
Note that unlike the exterior algebra, Sym(V) is infinite dimensional.

Example 9.9 ()

The inner product (-,-) on V is an element of Sym? V, since it is a bilinear, symmetric operation on
V.
O, (,): VXV —F
There is a simple relationship between V @ V., A2V, and Sym? V.

Theorem 9.2 ()
VeV ~Sym?V &A%V

with isomorphism defined

VR W > (%(v@w),%(v/\w))

This is precisely the factoring of a rank (2,0) tensor into its symmetric and antisymmetric parts.

Proof.
Givenv@uw eV eV,
Vw4 w®veSym?V and v w—w®v e A2V

By defining v ® w and v A w as the expressions above, the isomorphism is satisfied.
Therefore, when working in V' ® V', we can interpret
1
vAWw = §(v®w—w®v)

1
v@wzi(v@)w—f—w@v)

However,
VoVeV#Sym?V A3V

Schur functors are used to fix this discrepancy.

Note that we have introduced these two algebras by first constructing the quotient spaces A"V and Sym™ V/
from the tensor product spaces 7" and then direct summing these powers to construct the algebras. We will
introduce another type of construction that directly takes the quotient algebra of T(V') with the two-sided
ideal.
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