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An informal statement of concentration of measure is the following: If X1,..., X, are independent random
variables, then the random variable f(X1,...,X,) is "close" to its mean E[f(X1,...,X,)] provided that
the function f(x1,...,x,) is not too "sensitive” to any of the coordinates x;. Intuitively, say that we have
a bunch of independent random variables X; and sample from them, to get some values x;. Calculating
flx1,...,2,), we have sampled from f(Xi,...,X,). Since f depends smoothly w.r.t. its arguments, to
drastically change f, we must drastically change all the arguments. This is not likely, since all the X;’s are
independent.

Most of our intuition about probability in low-dimensional spaces breaks down in high-dimensional ones (on
the order of perhaps 10 or 20). We start off with two geometric examples in high-dimensional space.

Example 0.1 (Uniform Measure on Sphere)

Let p, be the uniform probability distribution on the n-sphere S™ C R™"*!. That is, let us consider
any measurable set A C S™ such that p,(A) > 1/2. Then, if we let d(x, A) be the geodesic distance
between x € S™ and A , we define the expanded set

Ay ={z e S" |d(z,A) < t}
and it turns out that )
,Un(At) > 1— ef(nfl)t /2

which states that given any length ¢ > 0, no matter how small, A; almost covers the whole space.
Then, for large enough n, w, is highly concentrated around the equator.

Note that the bounds decay exponentially (or of greater order).

Example 0.2 (Uniform Measure on Cube)

Example 0.3 (High Dimensional Gaussian)

Given iid X1,...,X,, ~ N(0,02), then let X be the random n-vector of these random variables.
Then, the random variable

Xl = /X2 +..., X2

has a distribution that is very concentrated around the expectation

Bl = /%

Naturally, this concentration phenomenon extends to random variables.
Example 0.4 ()

Let us have iid random variables X; with P(X; = 1) =1/2 and P(X; = —1) = 1/2. Then, let’s define
S, =i, X;. The strong law of large numbers tell us that

& a.s. 0
n

while the central limit theorem tells us that

Sn d
ﬁ—n\/(o,n

since E[X;] = 0 and Var[X;] = 1. The CLT result shows us that the fluctuations (variance) of S,, of
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are order n. However, note that |S,,| can take values as large as n, so the maximum value of S, /n is
of order 1. If we measure S,, using this scale, then Sﬂ—" is essentially 0. The actual bound looks like

IP’('STLl > T) < 9= /2

n

Lemma 0.1 (Markov’s Inequality)

Given any random variable X, we have

P(XZa)s%

Lemma 0.2 (Chebyshev’s Inequality)

Given X with finite variance and expectation, we have

An inequality that we will use often in proofs is Jensen’s inequality.
Lemma 0.3 (Jensen’s Inequality)
Given a convex function g : R — R and random variable X, we have

9(E[X]) < E[g(X)]

Proof.

We will assume that f is differentiable for simplicity and let E[X] = p. Define the linear function
centered at p to be l(x) = f(u) + f'(1)(x — ). Then, we know that f(z) > I(z) for all z, so

E[f(X)] > E[I(X)]
=E[f (1) + f' (1) (X = p)]
=E[f(u)] + ' (1) (E[X] — p)
=E[f(p)]
= f(E[X])

Definition 0.1 (Lipschitz Continuity)
A function f : (X,dx) — (Y, dy) is Lipschitz continuous, with Lipschitz constant A, if it satisfies

dy (f(x), f(y)) < Adx(x,y)

for all x,y € X.
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1 Talagrand’s Gaussian Inequality

Lemma 1.1 (Gaussian Integration by Parts Formula)

For Gaussian random variables z, z1, ..., z, and a function F' of moderate growth at infinity, we have

E[z F(z1,...,70)] = i]E[mi] E[gi(xl,...,xn)]

Theorem 1.1 (Talagrand’s Gaussian Inequality)

Consider a Lipschitz function F' : RN — R (with Lipschitz constant A). Let zy,...,znx ~ N(0,1)
be iid, and let x = (z1,...,2y). Then, for each ¢t > 0, we have

P(|F(x) — EF(x)| > t) < 2exp (_ 4tA2>

Proof.

For this proof, we assume that F is not only Lipschitz, but C2. This is the case in most applications
of this theorem, and if it is not the case, then we can regularize F' by convolving with a smooth
function to solve the problem. We begin with a parameter s and consider the function G : R?Y — R
defined

G(z1,...,2aN) = €xp (S[F(Zl,...7ZN) —F(zN+1,...,22N)])

For clarity, we will denote variables of F' with z; and variables of G with z;. Let uq,...,uay ~ N (0,1)
be iid, and let vy, ...,v, ~ N(0,1) be iid, with vy 1, ...,ven copies of the first N. For shorthand,
we can denote the collection as u and v. Then, we have

Elu;u;] — Efv;v;] =0
except when j =i+ M or i = j + M, in which case we have
E[uzu]] — E[Uﬂ}j} =0-1=-1

since v;v; = X2, where X ~ N(0,1) = x3, a Chi-Squared distribution with 1 degree of freedom. We
consider the transformed random variable

f(t) = Vtu++v1—tv~N(0,1) for all t

that is essentially some smooth path from f(0) = u and f(1) = v. Note that given some ¢ € [0, 1],
f(t) is some random vector, G(f(t)) is some random variable, and E[G(f(t))] is some number. We
can define the function ¢ : [0,1] — R as

6(t) = E[G(E(1))] = / N
= oan G(y) pry(y) dy

where pyx is the PDF of the distribution X. Take the derivative with respect to ¢ to get the first line,
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and we can simplify using Gaussian integration by parts
2N
d 0G
'(t)E —fi(t) —(f
B2 550 G2 (60)
2N
d oG
= E|—=fi(t) =—(f
_ [dtf(t) 77 (t))}

= %%E[(atﬁ ®) i(t)} E{ggzjf(t)}

SIS

But we can simplify

]E|:(§tfi(t)) fi(t)] ZE[(Q\l/i QF )(\[UJ ﬁw)]
-1 fj=i+Mi=j+M
0 else

(Elusu;] — Evivy]) =

N | =

So, we can simplify the above to

- _E{Z 0z 321+M )}

and computing the second derivative using the chain rule gives

8G() 8G8F< )
aZi 8F8 Z1y-++-3 RN

OF
=5G(z) %(21,...,21\7)

0*G 2 oF oFr
m(z) =—s"G(2) 9z (21, .-, 2N) %(ZNJA"“,ZZN)

for all z. So we have for all t € [0,1],

(0= B[ 3 60) G (0, Sx(0) G (a0 fan(0)|

N
2 gj; (f1(@),..., [N (D) g(fN+1(t),..,,f2N(t)):|

K2

< s’E {G(f(t))
< S’E[G(f(t)) j‘ﬂ
< SPAPE[G(£(t))] = 52 A%¢(t)

Solving the inequality for ¢ gives

S0 <22 — [dwjoins [2aa
— logé(t) < s?A%t +C
— $(t) < o5t A% < o524
Recalling that £(1) = u, we have

Elexp{s(F(u1,...,un) — Funt1,--.,u2n))}] < s’ A
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and by independence of the u;’s, the LHS equals E[e*F(#1:uN)] E[e=sF(un+1.42n8)] and by Jensen’s
inequality, we have E[e=sF(#n+1:u2n)] > o=sElF(unt1,-u2n)] We can derive as follows:

sF(ul ,,,,, uN)] E[est(’u.N_'_l ..... ’U.QN)]

SF(u1,~~,uN)] e SEF (un 11, 5uzn)]

E[
E[
— ]E[€SF(H1 »»»»» UN)] E[e*SE[F(UNH ~~~~~ U2N)]]
E[ SF(ula<~~:uN)_S]E[F(uN+1»-4-7U2N)]]
Elexp (SF(ul, cooyuy) — SE[F(untq, ... ,U2N)])]
and by Markov’s inequality, we get for a random vector of standard Gaussian random variables x

P(F(x) — E[F(x)] > t) = P(e*(FCIEFGI] > gst)
]E[es(F(X)—E[F(X)]}
<

est
< 652A2 —st

= P/4% Wwhen s = t/2A?
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2 Variance Bounds and Poincare Inequalities
Let us first describe this concentration phenomenon by investigating bounds on the variance
Var[f(z1,...,2,)] =E[(f(z1,...,2,) — E[f(21,... ,xn)])Q]
We can first bound
Var[f(X1, ..., X)) = E[(f(X1,. .., X)) —E[f(X1, ..., X)]2 <E[(f(X1,..., X)) ]

and since adding a constant term to f doesn’t affect the variance, we can utilize this to get our first variance
bound.

Lemma 2.1 ()
Let X be a random variable or vector. Then,
Var[f(X)] < E[(f(X) —inf f)*] and Var[f(X)] < E[(sup f — £(X))’]

and

Var[f(X)] < ~(sup f — inf f)?

e~ =

Proof.
Since Var[X] = E[X?] — E[X]? from above, we have
Var[f(X)] = Var[f(X) - a] = E[(f(X) - a)’] - E[f(X) - a]* < E[(f(X) - a)?]

By letting a = inf f, we get the first inequality. By letting a = (sup f + inf f)/2 be the "middle" of
f, we have |f(X) —a| < (sup f —inf f)/2 = [f(X) — a]? < (sup f — inf f)?/4, and so

Var[f(X)] < E[(f(X) = a)?] < - (sup f — inf f)?

=

which gives our third inequality. We can also see that
Var[f(X)] = Var[—f(X)] = Var[b — f(X)] < E[(b — f(X))?]

to get our second.

This allows us to bound the random vector f(X) if f itself is bounded, no matter what X is. But this
generally turns out to be a very conservative bound, which is unsurprising since we assume so little about X.
For example, if we let X;,..., X, be iid random variables taking values in [—1, 1], and let f(z1,...,2,) =
% >i i xi. Then, f takes values in [—1,1], and by the previous lemma, we have

Var[f(Xla s 7Xn)] < (1 - (71))2 =1

=~ =

which looks good, until we see that we can derive a better bound from direct computation (which becomes
much better as n increases).

Var[f(X1,...,X,)] = % > Var[X;] = %
i=1

However, this computation assumes independence of X;’s, which the previous lemma doesn’t. This is the
reason we're able to get a better bound, since if we took n copies of the same X, we would have

Var[f(X1,...,Xn)] = Var[nX/n| = Var[X] =1

7/ [36]
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Therefore, we will capitalize on the independence of these random variables in high dimensions to obtain
better bounds. Now in the next result, we shall show that the variance of a high dimensional f(X;,...,X,)
can be bounded by the variances of each random variable. Those quantities, like the variance, that behave
well in high dimensions is said to tensorize.

Consider independent random variables X1, ..., X, and a function f : R™ — R. If we fix values z1,...,2,,
then we can define for all k = 1,...,n the function gg(z1,...,Z5x-1,Tk41,.--,%n) : R = R as
It (T1, o X1, Tl 1y -+ X0 ) (2) = f(@1, 0o Th—1, 2, Tt 1y e - - T
where 9
(ge(T1y o Tl 1y Tt 1y - -+, X)) (2) = F. (T, Th1, 2y Ty - - 5 Ty
T
and gg(z1,. .., Th-1,Tkt1,- -, Zn)(Xg) is a random variable of X;. Then, we can define
Vary f(x1,...,2n) = Varx, [f(x1, ..., Tk—1, Xi, Tht1 - - -, Tn)]
2
= Exk [(f(l‘l, ce ,Ik_1,Xk,1‘k+1, ce ,$n) - ]EXk [f(l‘l, ey L1, Xk,l‘k+1, ce ,xn)}) ]
= Var[gr(z1, ..., Th1, Ty 1, - - Tn ) (Xi)]
= Varx, [g(®1, .., The1, Tt 1, - - Tn))

which takes the variance of f with respect to X, keeping all other variables fixed. However, this value will
change for different z1,...,z,’s, and so we can loosen the restriction that they are fixed. We can take

gk(X17"'7Xk—lan+17"- aXn)(Z) = f(X17'"7Xk—1aZ7Xk+1a"'7Xn)

where gi(X1,..., Xgp—1, Xgt1,.-.,Xn)(Xk) is a random variable of Xi,...,X,,. Now if we calculate its
partial variance, we get
Vary, f(X1,...,Xn) = Varx, [f (X1, .., Xy .., X3)]
= Var[gp (X1, .., Xp—1, Xpg1, -, X)) (X))
= Vaer [gk(le e ;Xk—lan-&-l; . ,Xn)]

which is now a random variable of all X;’s; i # k, that outputs the variance of f with respect to Xj. But
is it true that

Ex [f(X1,.... X)) =E[f(X1,..., Xn) | X1,y X1, Xkt 1y - -+, Xn)?
Now, we can show a very useful property of variance: that the variance of some arbitrary function can be
bounded by the expected sum of the partial variances.

Theorem 2.1 (Tensorization of Variance)

That is, Var; f(x) is the variance of f(Xj,..., X, ) w.r.t. the variable X; only, the remaining variables
kept fixed. Then, we have

Var[f(X1,...,Xn)] < ]E[ZVarif(Xl,...,Xn)

=l

Proof.

We try to mimic the fact that the variance of the sum of independent random variables is the sum of
the variances. At first sight, the general function f(z1,...,z,) need not look anything like a sum, but
we can expand it as a telescoping sum of random variables. We will prove this using the martingale
method, which constructs this random variable f(Xi,...,X,) as a sum of finer and finer increments
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starting from the "coarse" constant function E[f(X1,...,X,)]. We define the random variable
A =E[f(X1,..., Xn) | X1,... Xi] —E[f(X1,..., Xn) | X1,..., Xi—1]

Then, we can express

FX1, o Xn) = Blf(Xy, . X)) = ) Ay
k=1

Note that E[Ay | X3,..., X;—1] =0 (i.e. A’s are martingale increments). In particular, even though
the A’s are not independent, if we have [ < k, then

E[AvAl] = E[E[ARA; | X1, .., Xi_1]]

[
[E[Ar | X1,. . Xk_1]E[A; | X1, Xpoa]]
[
[0-

E[Ay | Xl,. K1) A
Al =

and so, the variance can be expanded into terms that vanish.

E
E
E[0

Var[f(X1, .., Xn)] = E[(f(X1, -, Xn) = B[f (X1, .., X2)])°]
n 2 n
o(E )] Lo
k=1 k=1
Now it remains to show that E[A?] < E[Vary, f(X1,...,X,)] for every k. Let us define
Ay = f(X1ye o, Xn) —E[f(X1y e, Xn) | Xay ooy Xim1, Xiot 1y -« - Xon)
to be the approximation of f(X7,...,X,,) "one step" before the final increment. Then, we have
Ap =E[Ag | Xq,..., X}]
and as Xy and Xq,..., Xg—1, Xk+1,..., X, are independent, we have
Vary, f(X1,...,Xn) =E[AZ | X1,..., Xk—1, Xkt1, - - - Xn]
and therefore using Jensen’s inequality we can prove

E[AZ] = E[E[Ag | X1, ..., X]?] < E[A2] = E[Vary, f(X1,. .., Xn)]

What we want to eventually do is prove an inequality of the form where for any function A : R — R and
some X ~ p,
Vary [h] = Var[h(X)] < [[L(0)][72
where L is an operator on h. This will allow us to bound
Var(ge (o1, -« oy Tho1, Tt 1, - -+, T ) (Xi)] < Hﬁ(gk(xl,~~~7$k—1,$k+1,-~~,9€n))|\2

for all z1,...,x,, simply by taking h = g(x1,...,Tk—1,Tk+1,-..,Ty). Since this works for all z1,..., z,, we
can claim that this inequality holds for all X;(w),..., X,(w) for all w € Q. That is, we can loosen the fixed
values into random variables.

Vark f(Xl, e ,Xn) = Var[gk(Xl, . an—th-&-l, e ,X.,L)(Xk.)]
S ||£(gk(X17 cee 7Xk371>X]€+17 cee 7Xn))||%2(u)

Note that all terms are random variables of X1,..., X}, and so the same inequality holds for their expecta-
tions over the entire joint measure.

E[Va’rk f(X17 s 7Xn)} < E[H‘C(gk(Xla s an—th’-‘rla s 7XTL))H%2(;L)}

9/ 3¢
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and so by tensorization (i.e. summing them up), we get

Var[f(X1,...,X,)] < ZE[Vari f(Xa,. . X)) < ZE[HL(gk(Xl, s X1, Xt X)) T2 )
=1

i=1

Furthermore, this bound is sharp when f is linear. Let us demonstrate this by letting f(z1,...,2z,) =
a121 + ...+ apxy,. On the left hand side, we have

Var[f(Xi,...,X,)] = Var {iaixi] = Zn:a? Var[X|]
=1 =1

and on the right hand side, each component divides up to

Var; f(z1,...,2n) = Var[f(x1,..., X4, ..., 20)]
= Varlajz1 + ...+ a; X; + ... apzy)
= Var[aiXi]
= a? Var[X}]
Then? Note that since f is linear, the values of all x;,j # ¢ have no effect on the variance of X;, and so
Var; f(X1,...,X,), which is originally a random variable of X7,..., X; 1, X;11,..., X,, is really just the
constant (random variable) a; Var[ ;]. This is because no matter What values Xq,..., X;—1, Xit1,..., X,

are realized, these values Wlll only contribute to a translation of the random variable f(Xi,...,X,), and
hence will not affect the variance w.r.t. X;. So, the right hand side also becomes

[Z\/arz (X1,..., X ] [Za Var[X ] Za Var[X.

which is the same as the LHS.

We can view the tensorization of the variance in itself as an expression of the concentration phenomenon.
Var; f(x) quantifies the sensitivity of the function f(x) of the coordinate z; in a distribution-dependent
manner. If this sensitivity w.r.t. each coordinate (E[Var; f(X1,...,X,)]) is small, then f(Xy,...,X,) is
close to its mean. However, it might not be so straightforward to compute Var; f, since it depends on both
the function f and on the distribution of X;. So, we can try combining this with a suitable bound on the
component-wise variance.

Let us define the quantities:
Dif(x) :=sup f(&1,.. -, Ti—1,2, Tit1,y---,Tn) — irzlff(xl7 e L1, 2, Ty e ey Tpy)
z

and
D; f(x) = f(z1,...,zp) filzlff(:cl,...,xi_l,z,xi+1,...,:177,)

which quantifies the sensitivity of the function f to the coordinate x; in a distribution-independent manner.
Now we can introduce the following bounds.

Corollary 2.1 ()

We have

10/ 3¢
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Proof.

We start off with
Var; f(X1,...,X,) = Var[f(X1,..., X, ..., Xn)]

S i(sz(Xla ;Xn))Q

Since these a random variables follow this inequality (for all w € ), we can attach an expectation
on them to get

E[Var; f(X1,...,Xn)] < E[i(Dif(Xl, . 7Xn))2}

and substituting in the previous theorem gives
Var[f(X1,...,X,)] < E[ZVarif(Xl, . ,Xn)]
i=1

E[V&I‘if(Xh...,Xn)]

I

-
Il
—

E

-

<
Il
—
—
=] =

(D f(X1, ... ,Xn))z}

I
>~ =
—
»M:

~
Il
—

(Dif(Xy, ... ,Xn))z}

Example 2.1 (Random Matrices)

Exercise 2.1 (Banach-Valued Sums)

Let X, Xo,...,Xn be independent random variables with values in a Banach space (B,|| - ||5).
Suppose these random variables are bounded in the sense that || X;||p < C a.s. for every i. Show

that
1 — C?
Var (H E X ) < —
n n
k=1 B

This is a simple vector-valued variant of the elementary fact that the variance of %22:1 X, for
real-valued random variables X, is of order %

Solution 2.1

We can tensorize the variance to get

1 n

o 2K
n

k=1

Var

1
Vary — Xy
n

1
= — Var || X,/
B

< =(30-on) - o

n n?

B

11/ [36]
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and so letting f(X1,...,X,) = [|2 >0, XkHB, we get

Var[f(X1,... X ZEVarkf X1,..., Xn)]
<ZCQ 02

Exercise 2.2 (Rademacher Processes)

Let €1,...,€, be independent symmetric Bernoulli random variables P(e; = +1) = % (also called
Rademacher variables), let 7' C R™. The following identity is completely trivial:

sup Var {Zektk] = supZtk

teT k=1 tekl

Prove the following nontrivial fact:

Var [sup Z ektk} < 4sup Z tk

teT tET

Solution 2.2

Let us consider a fixed € = (e1,...,€,) and index ¢ € [n]. Then, consider the random variable formed
by taking the value f(eq,...,€,) and loosening ¢; to be an random variable. That is,
1
P{f(el, ooy €n) =sup{ert; +... + 1t + ... —l—entn}} = —
teT 2
1
IP’{f(el, ooy €q) =sup{erty + ... — 1t + ... Jrentn}} = —
teT 2

Then, we compute

D; f(er,...,€n) = . E%{nf1 " tepZektk

and we can estimate

Di_f(e):f(€17"'7€n)_Dif(elv"'7 )
=sup » exty — inf sup » ext
];Ick els 11}t€ Zkk

< sup 2t
teT

We can finally bound

Var[f(e1, ..., €en [Z (D; f(e ]
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Exercise 2.3 (Bin Packing)

This is a classical application of bounded difference inequalities. Let Xi,..., X, ii.d. random
variables with values in [0, 1]. Each X; represents the size of a package to be shipped. The shipping
containers are bins of size 1 (so each bin can hold a set packages whose sizes sum to at most 1).
Let B, = f(X1,...,X,) be the minimal number of bins needed to store the packages. Note that
computing B, is a hard combinatorial optimization problem, but we can bound its mean and variance
by easy arguments.

1. Show that Var[B,] < n/4

2. Show that E[B,] > nE[X]
Thus the fluctuations ~ /n of B, are much smaller than its magnitude ~ n.

Solution 2.3

Listed.
1. Given fixed sizes Xi,..., X,, and some i € [n], we can see that a property of f is that

f(le'"7X1'—1707Xi+17~"aXn)+1:f(le"'7X1'—1717Xi+17"-aXn)

since for an extra package with size 1, you would for sure need one more bin. So the maximum
difference of f based on the x; value is the constant random variable

D;f(X1,...,Xn)= sup f(X1,...,2,...,Xp)— inf f(Xq1,...,2,...,X,)
2€[0,1] z€[0,1]

= f(X1,..., 1., X)) = f(X1,...,0,..., Xn) =1

and so by the bounded difference inequalities,

Var[B,] = Var[f(X1,. .., X)] (Dif(Xy, ..., Xn))”

IA
N
—=

s
Il
—

N e N

E[(Dif(X1,. .., Xn))’]

H'M:
I

IN

2. Given the sizes X1, ..., X,, B, must satisfy
B,=f(X1,.., Xn)>2X1+...+ X,
since the total volume of bins B,, must exceed the total volume X7 + ...+ X, of packages. So,

E[B,] > E{ixk] = nE[X,]
k=1

Exercise 2.4 (Order Statistics and Spacings)

Let X3i,..., X, be independent random variables, and denote by X() > ... > X(;) their decreasing
rearrangement (X 1y = max; X;, X,y = min; Xj, etc.). Show that

Var[X )] < kE[(Xx) — X(k41))*] for 1 <k < n/2

and that
Var[X )] < (n —k+ 1) E[(X(x—1) — X@x))?] for n/2 <k <n

13/ [36]
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Exercise 2.5 (Convex Poincare Inequality)

Let Xq,...,X, be independent random variables taking values in [a,b]. The bounded difference
inequalities estimate the variance Var[f(X7,...,X,)] in terms of discrete derivatives D, f or D, f of
the function f. The goal of this problem is to show that if the function f is convex, then one can
obtain a similar bound in terms of the ordinary notion of derivative V; f(z) = 0f(x)/0z; in R™.

1. Show that if g : R — R is convex, then

9(y) —9(x) > ¢'(x) (y — ) for all 7,y € R
2. Show using part (a) and the bounded difference inequalities that if f : R™ — R is convex, then
Var[f(X1,...,Xn)] = (b—a)’E[[|Vf(X1,...,Xn)|]
3. Conclude that if f is convex and L-Lipschitz, i.e. |f(z) — f(y)| < L||z — y|| for all z,y € [a, b]™,
then Var[f(X1,...,X,)] > L%(b — a)2.
Solution 2.4

Listed.
1. Assuming g is differentiable, let us choose any z,y € R and define some z = Az + (1 — )y in
between. Then, pictorially, we would like to formally show that

f(z) — f(=) _ fly) — f(=)

z—zx y—x

and take the limit as z — = to get f’(x) on the LHS. By definition, we have

f2)=fz+ 1 =Ny) <Af(@)+ (1= Nf(y)
Subtracting f(x) and then dividing by 1 — A > 0 on both sides gives

TZIE) < 1) - f)
Note that z —z = Az + (1 — \y) — 2 = (1 — A\)(y — x). So, dividing by y — z > 0 on both sides
gives
1)~ @) _ o)~ f@)
% = a5 B Yy—x
and taking the limit on the LHS gives

Since y — x > 0, we can multiply both on the same side to get

fy) = f@) = f'(z) (y — )

If y < x, then the proof is the same, and the inequality sign ends up getting switched around
twice, leading to the same conclusion.

2. Note that from the above result, we can multiply both sides by —1 to get that g(x) — g(y) <
g (z)(x —y) for all z,y € R, and then swap the two variables to get g(y) — g(z) < ¢'(y)(y — x).
Let us consider fixed 1, ...,x, and some i € [n]. Given f : R" — R, we define f;(x) : R — R
by unfixing the ith variable. Then, given some a, 8 € [a, b],

fi(x)(B) = fi(x)(a) < ¢'(B)(B — )
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or equivalently,

flxe, s By e yxn) — far,. . 0, @y,) < 3

Now let z* € [a, b] be the value s.t.

2" =arg min f(x1,...,2,...,Zp)
z€J[a,b]

Then,

D; f(x) = f(z1,...,Tiy...xp) — f@1, ..., 2%, mp) <

6.%1‘

and so

_ 2 o
(D7 f(X))” < Vif(x)* (x5 — 2°)* < Vif(x)* (b - a)?
which gives from the bounded difference inequality

Var[f(X1,...,X,)] < E{Z (D; f(Xy,... ,Xn))Q}
<E| > Va2 (0 o]
= 0~ o) ’E[||V/(X)|']
3. If f is L-lipschitz, then ||V f(X)|| < L, and so

Var[f(X1,...,X,)] < (b— a)’L?

2.1 Markov Semigroups

Definition 2.1 (Markov Process)

(X1y ey @iy e vy ) (2, — 27)

Let (Q, F,P) be a probability space and (S, S) be a measurable space. A homogeneous Markov process
{X:}+>0 is a stochastic process that satisfies the Markov property: for every bounded measurable

function f and s,t > 0, there exists a bounded measurable function P;f satisfying

EBlf (Xeqs) | {Xrbrad] = (Paf)(Xe) = E[f (Xi45) | Xi]

Definition 2.2 (Stationary Measure)

A probability measure p is called stationary or invariant if

E,f)=Eu(Pf) ie. [ fdu= [ Pisdu
S S
for all t > 0 and bounded measurable f. By abusing notation, this is conventionally written
u(f) = p(Pef)

To interpret this notion, suppose that Xg ~ p. Then,

E[f(X:)] = E[E[f(X}) | Xo]] = E[P;f(X0)] = E,[P; f]
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and if p is stationary, then we have E[f(Xy)] = E,[f]. If f = 14 for some measurable A C S, then
E[lA(Xt)] = P(Xt € A), and

Mxﬂa@:EAuyiLLmu:[km:um):MXbem

which means that the probability that for all A € S and all ¢ > 0, the probability of X; realizing in A is
equivalent to the initial probability of X realizing in A. This means that the process remains distributed
according to the stationary measure X; ~ p for every time ¢. In summary, stationary measures describe the
equilibrium or steady-state behavior of the Markov process.

From now, given the state space (S,S) we can put a measure p on it to get a measure space (S, S, u). The
Banach space of all g-measurable functions f : (S,S,u) — (R, R) (i.e. for every Borel B € R, f~1(B) € S)
will be denoted LP(u), equipped with the norm

1/p
11120y = Eulf7)7 = (/ f 'p‘“‘)

If p = 2, then we can define the inner product

(f,9)n =Eul[fg] =/ngdu

Lemma 2.2 ()

Let p be a stationary measure. Then, the following hold for all p > 1, t,s > 1, o, 8 € R, and bounded
measurable functions f,g.
1. Contraction:

WPl Loy < I1fllzo(uy = EulfP1HP

2. Linearity:
Pi(af+Bg) =aPf+ BPy

3. Semigroup Property:
Pt+sf — PtPsf

4. Conservativeness:
Pl=1

Lemma 2.3 ()
Let p be a stationary measure. Then, ¢t — Var,[P; f] is a decreasing function of time for every function

feL?(u).

Proof.
Note that

Var, [P f] = [|P.f — Mf||%2(#) =|[|P(f - ﬂf)||%2(#) = ||P—s Ps(f — l"’f)”%Z(,u)
< |P(f = w2 = 1Psf = w7z, = Varu(Psf)

We now define the analogous operator to the transition rate matrix in discrete time chains with a finite state
space.
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Definition 2.3 (Generator)

The generator . is defined as

ff::limptf_f
10 t
for every f € L?(u) for which the above limit exists in L?(u1). The set of f for which .Zf is defined is
called the domain Dom(.%) of the generator, and .# defines a linear operator from Dom(.%) C L?(u)
to L?(u).

We have defined the generator . from the Markov semigroup { P, };>o. Now, let’s try to define the semigroup
in terms of the generator .. Given that we have some map %), can we define some semigroup { P; } satisfying
the definition? To do this, we must solve the differential equation:

d Piis— P P,Ps — P, Ps—1

gl =i —— =lm——=Rlim

For function P; to satisfy this differential equation, we have the solution
J
which also implies that .2 and P, must commute.
Definition 2.4 (Reversibility)

The Markov semigroup {P;};>o with stationary measure 4 is called reversible if

(fs Ptg>u = <Ptfag>u
tL

for every f,g € L?(u1). Equivalently, we can say that P; is self-adjoint on L?(u), or since P, = e'%,
we have .Z is self-adjoint.

Definition 2.5 (Ergodicity)
The Markov semigroup {P,};>o with stationary measure p if called ergodic if

Pif = uf

in L?(u) as t — +oo for every f € L%(u). Note that puf = p(f) is the constant function in L?(u).

Exercise 2.6 (Elementary Identities)

Let P, be a Markov semigroup with generator . and stationary measure p. Prove the following
elementary facts.
1. Show that u(Zf) =0 for every f € L?(u)
. If ¢ : R — R is convex, then P,¢(f) > ¢(P;f) when f,¢(f) € L%(p)
. If ¢ : R — R is convex, then Z¢(f) > ¢'(f)Lf when f,é(f) € L?(u)
. Let f € L?(u). Show that the following process is a martingale.

=N

Mf = 106 - [ 21(x)ds
0

17/
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Solution 2.5

Listed.
1. This is simply a property of the generator. Not worrying about interchanging limits and inte-
grals, we have

weh) =B 20 = [ 1m0 g,
g tlo t

= lim Lf — s dup
tl0 Jg t

_ 13£%(E“[Ptf] _E,[f]) =lim=-0=0

2. By Jensen’s inequality,
Pyo(f) = E[o(f)(Xits) | Xi]
> ¢<E[f(Xt+s | X1]) = ¢(Psf)

2.2 Poincare Inequalities

Recall that a Poincare inequality for p is, informally, of the form
variance(f) < E,[||gradient(f)||?]

At first sight, such an inequality has nothing to do with Markov processes. However, the validity of a Poincare
inequality for p turns out to be related to the rate of convergence of an ergodic Markov process for which
1 is the stationary distribution. That is, a measure p satisfies a Poincare inequality for a certain notion of
gradient if and only if an ergodic Markov semigroup associated to this gradient converges exponentially fast
to p.

Definition 2.6 (Dirichlet Form)

Given a Markov process with generator .Z and stationary measure p, the corresponding Dirichlet
form is defined as

E(f,9) ==/, Z9)u

Theorem 2.2 (Poincare Inequality)

Let P, be a reversible ergodic Markov semigroup with stationary measure p. The following are
equivalent given ¢ > 0.
1. Var,(f) < cE(f, f) for all f (Poincare Inequality)
WPf — pfllrzq < eV f — ufllre
E(Pif, P f) < e 2/°E(f, f) for all f,t
For every f there exists k(f) s.t. ||[Pof — pf||p2(n < 5(f)e /e
For every f there exists x(f) s.t. E(Pif, Pif) < w(f)e /¢

USROS

We should view properties 2 through 5 as different notions of exponential convergence of the Markov semi-
group P; to the stationary measure p. Properties 2 and 4 directly measure the rate of convergence of P, f to
wf in L?(p), while properties 3 and 5 measure the rate of convergence of the "gradient" (now depicted as
E) of P.f to 0.
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2.2.1 The Gaussian Poincare Inequality
Definition 2.7 (Ornstein-Uhlenbeck Process)
Given standard Brownian motion (W;);>0, the Ornstein-Uhlenbeck process is defined as

X = e_th + 6_tWe2t71

Lemma 2.4 (Gaussian Integration by Parts)

If £ ~ N(0,1), then
E[Ef()] = E[f'(6)]

Proof.

Assuming that f is smooth with compact support, we have by integration by parts

/ ® 6_302/2
Bl - [ roS—d
—x2/2

Theorem 2.3 ()

The Ornstein-Uhlenbeck Process (X;):>0
1. is a Markov process with semigroup

P f(z) =E[f(e "z + V1 — e~2€)] with £ ~ N(0,1)

admits u = N(0,1) as its stationary measure
is ergodic
4. has generator and Dirichlet form given by

Lf(x) = —zf'(x) + (@), E(f,9) =9

SRS

5. is reversible

Proof.

Let s > t.
1. By definition of X;, we have X; = e ' Xy + e W, 2:—1 and

Xe=eXot+e " Wes_1 = Xo=(Xs — e *Weas_q)e’
Substituting in the equation for X, gives

X, =e 90X, 4 et (Woatq — Weza_q)

= ef(t*S)XS +v1— 672(1575)5
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where § = (We2e_y — Wezs_q)/Ve? — €25 ~ N(0,1) is independent of {X,},<s. Therefore, we
can write

E[f(X:) | {Xr}r<s] = Pros f(Xs) = E[f (™9 X, + V1 — e=20=9)¢)]

which proves the Markov property and gives the semigroup.

2. We can clearly see that if X; ~ N(0,1), then X, = e *X;++v/1 — e~25¢ is a sum of Gaussians,
one with variance e~2% and the other with variance 1 — e~2¢, and so their sum has variance 1.

3. We will take for granted that this is ergodic.

4. To compute the generator, we use the chain rule (and not worry about whether we take the
derivative within the expectation integral) and then use Gaussian integration by parts to get

SR =E[ et VImeTg (e - et |
=E[e "af (e~ bz + /1 — e 208) + e 2t (e x+\/7§}

and therefore have

The Dirichlet form can be simplified using the Gaussian integration by parts as

E(f,9)=—(f, L9
[£(€)(xg'(€) — 9" (9)]
[££(€)g" ()] —E[f(§)g” (&)
[f'(€)g' (&) + F(€)g" (&) —E[f(£)g" (€)]
[f'(€)g' ()]

5. Since E(f,g) = E[f'(£)g'(€)], it is symmetric and so . is self-adjoint.

E
E
E
E

From the previous theorem part 4, we can see that

g(fa f) = <f/af/>u = ||f/||%2(u) = E,U«[f/Q]

which means that the Dirichlet form of an Ornstein-Uhlenbeck process is precisely the expected square
gradient of function f! Therefore, with the Poincare inequality, we can bound the variance of f with the
Dirichlet form, which is the expected square gradient of f.

Theorem 2.4 ()

Let = N(0,1). Then,
Var,[f] < HfIHQH(u)
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Proof.

We have from the properties of the Ornstein-Uhlenbeck process that

L Rf(@) = B[t + VT o)

—E| L etz + VI o Tig)

dx
—E[f(ea + VI e %) ]
= e 'E[f'(e"tz + /1 — e=2¢)]

=e 'R f'(z)

Thus
EBif, Pof) = I(Pef) 122y = € NP 1320y < € 2N N T2y = € 2E(S F)

where the inequality follows from contraction.

By tensorization, we can prove the following.
Corollary 2.2 (Gaussian Poincare Inequality)
Let Xi,..., X, ~ N(0,1) be iid. Then,

Var[f(X1,..., X)] < E[|VF(X1,. .., X0)||*]

Proof.

Computation.

Var[f (X1, ..., X,)] < E[izn;Varif(Xl,...,Xn)}

I

dx;
i=1 v

=E[|Vf(X1,- .., Xa)|]

f( Xy, X5)

]

So what have we done so far? If we have some distribution p and want to prove an inequality that bounds
Var,[f], then we should choose some (reversible ergodic) Markov process that has a stationary distribution
. We can identify its semigroup, generator, and ultimately its Dirichlet form £(f, g), which will allow us to
invoke the Poincare inequality to bound

Var,[f] < c€(f, f)

and since u = N(0,1), we have shown above using both the properties of the generator of the Ornstein-
Uhlenbeck process and Gaussian integration by parts that this Dirichlet form is precisely the norm of f’.
This is clear since the Dirichlet form (f, Zg),, only depends on . and u. However, the Dirichlet form does
not have to be this form.

1. If p is some other distribution, we would not be able to reduce E(f, f) to the norm of its derivative,
and so it make take on a different form.

2. If we choose a different Markov process, even with the same stationary measure p = N(0,1), the
generator may be different and so will the Dirichlet form.
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Exercise 2.7 (Carre du Champ)

We have interpreted the Dirichlet form E(f, f) as a general notion of “expected square gradient” that
arises in the study of Poincare inequalities. There is an analogous quantity T'(f, f) that plays the
role of “square gradient” in this setting (without the expectation). In good probabilistic tradition, it
is universally known by its French name carre du champ (literally, “square of the field”). The carre
du champ is defined as

I'(f,g9) = %[f(fg) — [ZLg—9ZLf]

in terms of the generator .Z of a Markov process with stationary measure pu.
1. Show that E(f, f) = [T(f,f)dp and that E(f,g9) = [T(f,g)du if the Markov process is in
addition reversible.
Show that I'(f, f) > 0 so it can indeed by interpreted as a square.
Prove the Cauchy-Schwartz inequality T'(f, g)?> < T'(f, f)T'(g,9)
4. Compute the carre du champ of the Ornstein-Uhlenbeck process and confirm that it should
indeed be interpreted as the appropriate notion of "square gradient."

SR

Solution 2.6

Listed.
1. By stationarity, we have
W) = [ 2ran=o (1)
s
for all f € L?(u), which reduces the first term below to 0. So, we can reduce the carre du
champ to
_1 2y 4y —
[ ndu=3 (/S-i”(f ) dys 2/Sf-$fdu> 2)
= [ r2rdu=—5. 20 = (51 3)
Furthermore, assuming that P; is reversible, we have
g(fvg) = _<f7-=2pg>}1« = _<$f?g>ll« = _<g7-=2ﬂf>u = g(g’f) (4)
and so
/F(ﬁg)du: ;(/Z(fg)du/ffgdu/gﬁfdu> ()
1
= S (=429 — (9, 21)) ©)

2. Since I'(f, f) = 3(L(f?) — 2fZf), the problem now reduces to proving that £ (f?) > 2f.Zf.
By Jensen’s inequality, we have P(f?) > (P, f)?, and so

Pt 2\ _ f2 ) Pt 2 f2
d d
- awear| = (xnn)-gon)| = )
3. We know that I'(f + tg, f + tg) > 0 from above, and so if we expand out, we get
D(f + 19,/ +19) = 3 [2((f +19)) — 20f +19)2(f +19)] (10)
=T(g,9)t* + 20(f,9)t + T(£, f) > 0 (11)
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for all ¢. Since this quadratic is nonnegative, its discriminant must be < 0, and so

A = (20(f,9))? = 20(g,)T(f, f) <0 => T(f,9)> < T(f, /)T(9,9) (12)

4. The generator of the Ornstein-Uhlenbeck process is . f(z) = —z f'(z) + f”(z). Therefore,

L(f,9)(@) = %[ (fo)(x) = f(@)L(x) - g(2)Z ()] (13)
= 2 [(~ 20y @) + (f9)"(@)) ~ F@)(~ 7' (@) + ¢ (&) ~ 9(a) (2 f (@) + " @))]
(14)

which simplifies down to f/(x)g’(z), and so T'(f, f) = [f’(z)]? can be interpreted as the square
gradient of f.

2.3 Variance Identities and Exponential Ergodicity

Now, let us develop some intuition on the connection between Markov semigroups, Var,[f] and the Dirichlet

form E(f, f).
Lemma 2.5 ()

The following identity holds.

L uay ) = 28R P

Proof.
By stationarity, u(P:f) = p(f), and so
d d
%Varu[Ptf] = dt{ w((Pef)?) — w(Pef)?}
LR = 017} = S ((Pusy?)
d d
T at (Ptf dp = /dtpt)dﬂ—Q/(Ptf)EPtfdM
= QE,LL[Ptfa (Pef)] = 2(P f, LPif), = —2E(P.f, Py f)
Theorem 2.5 ()
E(f,f) >0 for every f.

Proof.

We know that t — Var, [P, f] is a decreasing function of ¢ (by contraction of P;), so

%Varu[Ptf] ==28(Pf,Pf) <0
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Theorem 2.6 ()

Suppose that the Markov semigroup is ergodic. Then, we have for every f

Varu[f] = 2A S(Ptf7 Ptf) dt
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3 Subgaussian Concentration and log-Sobolev Inequalities

3.1 Subgaussian Variables and Chernoff Bounds

We should first consider how one might go about proving that a random variable satisfies a Gaussian tail
bound. Most tail bounds in probability theory are proved using some form of Markov’s inequality.

Lemma 3.1 (Markov’s Inequality)

Given a nonnegative random variable X, we have

P(X>a)§%

which means that the probability that X > « goes down at least as fast as 1/«
Markov’s inequality is very conservative but very general, too. If we make further assumptions about

the random variable X, we can often make stronger bounds. Chebyshev’s inequality assumes a (possibly
negative) random variable with finite variance and states that the probability will go down as 1/z2.

Theorem 3.1 (Chebyshev Inequality)

Given (possibly negative) random variable X, if E[X] = u < +o00 and Var(X) = 02 < +o00, then for
all a > 0,

1 Var[X
P(IX —pu| > ko) < — < P(X —p|>a) < ar[2 ]
That is, the probability that X takes a value further than k standard deviations away from p goes
down by 1/k?. Therefore, if o is small, then this bound will be small since there is more concentration

in the mean.

Proof.
We apply Markov’s inequality to the non-negative random variable | X — p.

_ E(X —uP) _ VarX]

P(IX — p| > a) =P(IX — u* > o?)

o? o?
since the numerator on the RHS is the definition of variance.

Using higher powers, we can obtain better and better bounds, but not exponential ones. To obtain these
Gaussian tail bounds, we must use more sophisticated methods.

Lemma 3.2 (Chernoff Bound)

Define the log-moment generating function ¢ of a random variable X and its Legendre dual ¢* as
¥x(A) = log B[ TED] = B[e*M] - AB[X] % (f) = sup{M — ¥x (V)}
A>0

Then, the following is known as the Chernoff bound.

P[X — E[X] > t] < e ¥x(®)
for all £ > 0. We can lower bound it too with

P[X — E[X] < —t] < e ¥x®
and union bounding them gives

P(|X — E[X]| > t] < 2 ¥x®
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Proof.

Az

We take some A > 0 and given that the map = +— e** is nondecreasing, we can exponentiate and then

use Markov’s inequality:
PX —E[X] >t = p[ek(XflE[X]) >eM < e*’\tIE[e’\(X*E[X])] = e~ (At=¥x(N) < o~¥%(®)

as the left hand does not depend on the choice of A\, we have the additional flexibility of tuning \ to
get potentially better bounds. We can also use Chernoff bound on the random variable —X to bound
P(X —E[X] < —t) =P(—-X —E[-X] > 1)
_ P(ez\(fXJrIE[X]) > e/\t]
< e ME[ANXHEIXD)]
= e~ M=%-x (V) < o=¥Ix(®)
There seems to be a minor problem in the fact that —¢% and —w* y are different, and so provide

different bounds for the upper and lower tail. But note that ¥x(\) = ¥_x(—A), and so their
maximum will coincide and % () = ¥* «(¢), allowing us to get the union bound.

P(IX — E[X]| > #] < 2% )

To observe how the Chernoff bound can give rise to Gaussian tail bounds, let us first consider the case of an
actual Gaussian random variable.

Example 3.1 ()

Let X ~ N(u,0?). Then, E[e’X-EXD] = eXo’/2 g0

A2g? . A2o2 t2
=7 V=Ml =on

P(A)
and by the Chernoff bound, we have P(X — E[X] > ¢] < e~t/20%

Note that in order to get the tail bound, the fact that X is Gaussian was not actually important. It would
suffice to assume that the log-MGF is bouded from above by a Gaussian.

Definition 3.1 (Subgaussian Random Variables)

A random variable is called o2-subgaussian if its log-MGF satisfies

A2o2

R

for all A € R. The constant o is called the variance proxy.

Remember that if ¢(\) is the log-MGF of a random variable X, then t)(—\) is the log-MGF of the random
variable —X. For a o2-subgaussian random variable X, we can therefore apply the Chernoff bound to both
the upper and lower tails and union bound to obtain

P(|X — E[X]| > t) < 2¢7%/%7

We have only worked with Gaussians, which are trivially subgaussian. A nontrivial results is that every
bounded random variable is subgaussian.
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Lemma 3.3 (Hoeffding’s Lemma)

Let a < X < b a.s. for some a,b € R. Then,

2 2
E[e>X-EXD] < exp (A (b8— a) >

That is, X is (b — a)?/4-subgaussian.

Proof.
We assume without loss of generality that E[X] = 0. Then, we have 1(\) = log E[¢e**], and we can
compute
E[Xe*X] E[X2e*X]  (E[Xe*X]\?
") = —2¢ | 7(\) = .
Y=g =Sy - ()
and thus

. ) erX A X 2
AN)=[ X dP — X ——=dP
0= [ X gioeey @ ([ X gy @)
can be interpreted as the variance of the random variable X under the twisted probability measure
e)\X

dQ = B[xX] dP. But a < X < b, so we can bound the variance by its infimum and suprememum
Y (N\) = Varg[X] < (b — a)?/4, and the fundamental theorem of calculus yields

A 2 —a 2
v = [ [ o () dpdp < 20 =27

using ¥ (0) = 0 and ¢’(0).

Exercise 3.1 (Subgaussian Variables)

There are several different notions of random variables with a Gaussian tail that are all essentialy
equivalent up to constants. The aim of this problem is to obtain some insight into these notions.

1. Show that if X is o2-subgaussian, then Var[X] < o2.

2. Show that for any increasing and differentiable function @,

E[@(X])] = (0) + / T @ () P(X] > t) de

In the following, we will assume for simplicity that E[X] = 0. We now prove that the following three
properties are equivalent for suitable constants o,b,c: (1) X is o2-subgaussian; (2) P(|X| > t) <
2¢=%; and (3) E[ecX’] < 2.

3. Show that if X is o2-subgaussian , then P(|X| > t) < 2¢~+7/207

4. Show that if P(|X| > t) < 2¢=**/20" then E[eX"/67"] < 2.

5. Show that if E[eX /67"] < 2, then X is 1802-subgaussian.
In addition, the subgaussian property of X is equivalent to the fact that the moments of X scale as

is the case for the Gaussian distribution.
6. Show that if X is o%-subgaussian, then E[X?2?] < (402)4q! for all ¢ € N.

7. Show that if E[X24] < (402)4q! for all g € N, then E[eX"/87"] < 2.
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Solution 3.1
Listed.
1. We can expand out
)\2
E[**EX] =E|1 4+ A(X —EX) + (X - EX) +...
A2 9
=1+ ?Var[X] + o(A%)
%

< e>‘2"2/2 — 14 Ao

+0(A\?)

which is true for all \. Setting A = 0, we get Var[X] < o2.
Unfinished. .,
3. Since X is o2 subgaussian, its log-MGF satisfies () = log E[e*X] < )‘T" = —¢Y(A) >

_A2?
.

b

Then, its Legendre dual is

A2o? t?
" (t) = sup{At — ¢(A)} = sup{At — =52
A>0 A>0 2 20
where we optimize the quadratic w.r.t. A. Therefore, —p*(¢) < —% = PX >1t) <

e~V () < e—t2/20°
4. By using the identity above with ®(t) = et’/6°  we have

E[eXz/ﬁaz] _ E[€|X|2/602]

_ 0%/602 > /602 1t
=0/ +/0 et/ 33 P(IX] > 1) dt

<1+ i/ tet’/69% 9g=t2/20 gy
362 J,

—1+ 2 [ tehiar
B 352 Jo €
1 > 2 2
:1——2/ (——t)e‘sf?dt
o Jo 30
2 >
:l_e_gf
0
—1-(0-1)=2

5. Unfinished.
6. We know X?27 = | X|?? for all ¢ € N. By setting ®(¢) = 29 from the identity above, we can get

EIX) = 0%+ [ (20207 R(X] > 0)
0
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and from (3), we get the first line, where we can just keep doing integration by parts:
o0 2 2
E[|X[?9] < / (2q)t21~ e /27" dt
0

oo
- 2(4q02)/ (2q — 2)t29-3e=1/20% g
0

2(4g0%)(4(q — 1)o?) / (2q — 4)120- 51 /20° gy
0

= 2(4q02)...(4~202)/ 2te= /27" 4t
0

(4ko?) = (40%)1q!

'

k=1

7. We can expand and from the inequality above, we get

2 2\ 2
X2/80%1 _ X 1(X
Ele ] E[1+802+2<802 +...

Exercise 3.2 (Tightness of Hoeffding’s Lemma)

Show that the bound on Hoeffding’s lemma is the best possible by consider P(X = a) = P(X =b) = 1.

Solution 3.2

From computing the expectation

b b 1 —b 1 ,6-
a+ —+ )\az by 2(1

E[e*X7EX)] = 2= P(X = a) + 2O~ FIP(X = b) = 567 t5e
we know that this is always less than A\?(b — a)?/8 for all \. But setting A = 0 satisfies equality.

3.2 The Martingale Method

In this section, we will use the martingale method to derive useful results. Recall that in order to derive
some property (like tensorization of variance) of f(X,...,X,) — E[f(X1,...,X,)], we can expand it as a
telescoping sum of martingale differences

F(Xa, o X)) —E[f(X0, ., X)) =) A
k=1

where

A =E[f(Xy,..., Xn) | X1, o, Xi] —E[f(X1,..., X0n) | X1, Xioa]
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and then deriving bounds on each difference. Note that these are martingale differences because given the
filtration F = {F}, = o(X1, ..., Xk)}, the stochastic process

k
Y=Y A =E[f(X1,...,X,) | X1,..., Xx] - E[f(X1,..., Xp)]
i=1

is a martingale.

Lemma 3.4 (Azuma)

Let F = {Fi}r<n be any filtration, and Aq,..., A, be random variables that satisfy the following
properties for k =1,...,n.

1. Martingale Difference Property: Ay is Fi-measurable and E[Ay | Fr—1] =0

2. Conditional Subgaussian Property: E[e*2F | Fj_y] < e}*0i/2 as.
Then, the sum Y ,_, Ay is subgaussian with variance proxy > ,_, o7.

Proof.

For any 1 < k < n, we can compute

E[e* SE, Al = E[e* ) By ME[A* | Fyq]] < eNok/2 Ele* )Dpiy Aq]

and by induction, this proof is finished. Note that E[e** | Fp_;] < €*7%/2 can only hold if
E[Ag | Fr—1] = 0.

What this lemma basically says is that if we decompose a random variable into martingale differences, and
each martingale difference is conditionally subgaussian, then their sum is also subgaussian. Now, if we just
assume that each of these martingale differences are bounded, then we can use Hoeffding’s lemma on each of
them to make them subgaussian, and then use Azuma’s lemma to show that their sum is subgaussian. This
is exactly what we do here.

Theorem 3.2 (Azuma-Hoeffding Inequality)

Let F = {Fj }r<n be any filtration, and let Ay, Ay, By, satisfy the following properties for k = 1,...,n.
1. Martingale Difference Property: Ay is Fi-measurable and E[Ay | Fr—1] =0
2. Predictable bounds: Ay, By are Fj_i-measurable and A, < A, < By, a.s.
Then, > ;_; Ay is subgaussian with variance proxy I >°,_, ||Br — Ag||%. In particular, we obtain
for every t > 0 the tail bound

n 2t2
P( Ak2t>§€XP(— D )
2 > k=1 [1Be — Akll3,

k=1

The Azuma-Hoeffding’s inequality is often applied in the following setting. Let X1,..., X, be independent
random variables s.t. a < X; < b for all ¢ (we can interpret a and b as simply constant random variables).
Then, let Ay = (X — E[Xg])/n be martingale differences, which we can show that Ay is clearly Fy-
measurable and that by independence of X;’s, E[Ay | Fx—1] = E[Ag] = 0. Therefore, we can show that its

sum satisfies

1 — 2 2
Pl — Xp —E[X]} >t) < et /(b=a)
<n§{k [k:]})@

k=1

which is consistent with the central limit theorem.

Now we can return to the case of functions f(Xji,..., X, ) of independent random variables. Recall that the
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discrete derivative is defined

Dy f(x) =sup f(21,...,Th—1,2, Thi1,- .., Tn) *ilzlff(ﬂﬁla---7Ik—172,$k+1,~--al’n)
z

Theorem 3.3 (McDiarmid)

For Xi,...,X, independent, f(Xj,...,X,) is subgaussian with variance proxy izzzl || Dx.fl|?.
That is,

2
PUCK, - X0) <RI X2 ] S s = s )

Proof.

We use the martingale method again to write
F(Xryeoy Xa) = BIF(Xa,eo o, Xa) = 3 A
where

Ak =E[f(X1,- ., Xn) | X1yee o, Xl = ELf(X1, oo, Xn) | X,y Xid]

What we want to do is set some upper and lower bound on E[f(X1,...,X,) | X1,..., X], which will
set bounds on Ay. We can do this by bounding f by the infimum and supremum w.r.t. each element,
getting

E[ilzlff(Xl,...,X}cfl,Z,XkJrh...,Xn)|X17...,Xk]
SE[f(le"'7Xn)|X17"'7Xk1]
SE[Supf(Xl,...,X/C_l,Z,Xk+1,...,Xn) |X1,...,Xk]
z

but by independence of X;’s, we have

E[lIzlff(Xl,,Z,,Xn) |X1,...,Xk] :]E[iIZlff(Xl,...7Xk_1,Z,Xk+1,...,Xn) ‘ Xla-”an—l]

So, setting

Ak = E[lrzlff(Xl, 500 ,kal,Z,Xk-Jrl, 000 ,Xn) — f(Xl, 000 ,Xn) | Xl, 000 ,Xk,ﬂ

By, :E[Supf(Xla"'7Xk—172aX]€+17"'aXn) _f(X177XTL) |X17"'7Xk—1}
we have Ay < A < By for all k, and by Azuma-Hoeffding’s inequality along with the fact that
|Bi — Akl| < ||Drflloo, we get

212 ) < ( 2t2 )
- mn S exXp <" |\ o
> k=1 |1Br — Akl > k=1 | Drfll3

Plf(Xy,..., X0)—E[f(X1,...,X,)] >t] <exp (

We should treat McDiarmid’s inequality as a subgaussian form of the bounded difference inequality
1 - 2
Var[f(X1,...,X,)] < E > (Drf(X1,..., Xn))
k=1

The bounded difference inequality says that the variance is controlled by the expectation of the square
gradient of the function f. In contrast, McDiarmid’s inequality asserts the stronger subgaussian inequality,
but under the stronger condition that the variance proxy is controlled by a uniform upper bound on the
square gradient rather than its expectation. This will be a recurring theme:
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1. the expectation of the square gradient controls the variance
2. a uniform bound on the square gradient controls the subgaussian property

Note that McDiarmid’s theorem is not satisfactory. The appropriate notion of a square gradient in both
inequalities is the random variable >";'_, | Dy f|?>. To control the variance, we want to take its expectation
E[Yr_; |Def |2], and to control the upper bound of the square gradient, we simply want to take its supremum
1> |DkfI?|lc. However, McDiarmid’s inequality only yields control in terms of the larger quantity
Sor_i [|Defll% (by triangle inequality), which gets worse in higher dimensions. Rather than taking the
supremum of square gradient, we just take the supremum of each (squared) component and add them up,
which may be much greater than the actual upper bound. Therefore, the martingale method is far too crude
to capture this idea, and we will need new techniques for more refined bounds.

Exercise 3.3 (Bin Packing)

For the Bin packing problem previoulsly, show that the variance bound Var[B,] < n/4 can be
strengthened to a Gaussian tail bound

P(|B, — EB,| > t) < 2¢~2/n

Solution 3.3
We can see that
Dpf(X1,....Xn) = f(X1,.o o, X1, L, X1, -, X)) = f( X, oo, Xm1, 1, X1, -, X)) =11

and by McDiarmid’s inequality, we are done.

Exercise 3.4 (Rademacher Processes)

Exercise 3.5 (Sums in Hilbert Space)

Let Xi,...,X, be independent random variables with zero mean that map to a Hilbert space, and
suppose that || X|| < C a.s. for every k.
1. Show that for all ¢ > 0,

o

k=1

>E

+t:| S efnt2/202

2. Show that

S|

> X
k=1
3. Conclude that for all t > Cn~/2,

1 n
Plll= ) X
[
k=1
4. Finally, argue that for all £ > 0,

o[

k=1

> t:l < efntQ/SC2

2 t:| S e—nt2/802
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3.3 The Entropy Method

In order to develop more sophisticated concentration inequalities, let us introduce another term that is used
to measure the deviation of a random variable.

Definition 3.2 (Entropy)
The entropy of a nonnegative random variable Z is defined

Ent[Z] = E[Zlog Z] — E[Z]log E[Z]

Lemma 3.5 (Herbst)
Suppose that random variable X satisfies

A2o?

Ent[e*¥] < E[e*X] for all A >0

Then, X is o2-subgaussian. That is,

2 2
Y(N) = log E[e* X —EXD] < A9 for all A >0
Proof.
As P(A) = log E[e*¥] — ME[X], we have
d Y(\)  1E[XeM] 1 X 1 Ent[e?] o2
—_ EE — — L N —
D EeR BT = Ty S 3

have
P L
22— lim — = Iag <= <
X A A 2 Epx] 4S5 = v =5

where the last inequality yields from the assumption. By the fundamental theorem of calculus, we
Ph(N) /)‘ 1 Ent[e"] Ao? A2g2
0

Exercise 3.6 ()

It turns out that the converse is true up to a constant: If X is %—subgaussian, then

A2o2

Ent[e*¥] < E[e*X]

Solution 3.4

We know that by Jensen’s inequality and concavity of the logarithm,

log E[*X—EX)] > EN\(X —EX)] =0 = E[e**EX]>1
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Furthermore, note that given Z = e*X /E[e*X], we have

6)\X e)\X
=1210571 =2 g o (g7
= ﬁﬂi[e”{(log X —logE[e*¥])]
= E[el/\X]E[eAX)\X — X logE[eAX]]
_ E[el/\X] (Bl AX] — Be*¥] log E[])

Ent[e*]
ElelAX]

Since this theorem assumes a bound on Ent[e*¥X] rather than Ent[X], we will mainly be working with the
entropy of exponentials of a random variable.

It turns out that entropy behaves very similarly to variance and extends nicely into the subgaussian setting.
Just like variance, we define the partial entropy of function f(z1,...,z,) as

Entg f(z1,...,2n) == Ent[f(z1,. .., 2x—1, Xks Tht1s .-, Tn)]

That is, Ent[f(Xy,...,X,)] is the entropy of f(Xi,...,X,) with respect to the variable X only, the
remaining variables kept fixed.

Theorem 3.4 (Tensorization of Entropy)

Given that X,..., X, are independent,

Ent[f(X1,...,X,)] < E{ZEntk f(X1,...,X,)
k=1

Recall that the basic method for deriving Poincare inequalities is that we have some bound on the variance
of a single random variable
Var,[g] < E[|Vgl’]

and by tensorization, we can take the multivariate function f and derive
Var,[f] < E[[|Vg||*]

In here, we derive modified log-Sobolev inequalities by bounding the entropy of the form
Ent,,[e?] < E[[Vgl* e’]

and then using tensorization to bound

Ent,[e*] < E[[|[V(AS)I]? V]

Lemma 3.6 (Discrete Modified log-Sobolev)
Let D~ f == f —inf f. Then,

Ent[e/] < Cov[f,e!] < E[| D™ f|?e’]
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Proof.
Note that log E[ef] > E[f] by Jensen’s inequality. Therefore,
Entlef] = E[fe’] — Ele’] logE[e’] < E[fe/] — E[f|E[e/] = Covlf, e/]
To prove the second part, we have
Cov[f, e/] = EI(f — E[f])(¢f — E[e/])] < E[(f — inf f)(ef — ™ /)]
and since e” is convex, the first-order condition gives
e >el pef(inf f— f) = ef — e/ <ef(f —inf f)
and substituting above gives the result.
Now, by defining the one-sided differences
D, f(z) = f(x1,...,2p) — irzlff(xl, e L1y 2y Tty - - 5 Tpy)
D f(x) = st;pf(xl, ey Tkl 2y Tt Ly -y ) — [(T1, .., Tn)

we can use the discrete modified log-Sobolev inequality on each of them and then tensorize to get the
following.

Theorem 3.5 (Bounded Difference Inequality)

For all t > 0,
t2
IP’[f(Xl,...,Xn)—E[f(Xl,...,Xn)zt]Sexp(— - — )
Al 2 k=1 1Dx P[]0
t2
IP’[f(Xl,...,Xn)—E[f(Xl,...7Xn)g—t]gexp(— ~ )
Al 3251 1D P loo
whenever Xi,..., X, are independent. In particular, f(Xi,...,X,) is subgaussian with variance

proxy 2|| > _, |Dkf|?||sc, Where Dy f = sup, f — inf, f.

3.4 Modified log-Sobolev Inequalities
Theorem 3.6 (Modified log-Sobolov Inequality)

Let P; be a Markov semigroup with stationary measure u. The following are equivalent:
1. Ent,[f] < c€(log f, f) for all f (modified log-Sobolev inequality).
2. Ent,[P,f] < e'/°Ent,[f] for all f,t (entropic exponential ergodicity).

Moreover, if Ent, [P, f] — 0 as t — 400, then

E(log Pof, Pif) < e t/¢E(log f, f) for all f,t

implies 1 and 2 above.
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4 Lipschitz Concentration and Transportation Inequalities

4.1 Concentration in Metric Spaces
Recall what a Lipschitz function is.

Definition 4.1 (Lipschitz Function)

Let (X, d) be a matrix space. A function f : X — Ris called L-Lipschitz if |f(z) — f(y)| < Ld(z,y)
for all 2,y € X. The family of all 1-Lipschitz functions is denoted Lip(X).

Remember that given iid X;,..., X, ~ N(0,1), Gaussian concentration states that the random variable is
||V £]1?||co-subgaussian. But we can write it in an equivalent way in terms of a Lipschitz property.

Lemma 4.1 ()

Let f:R™ — R be a C*! function. Then, |||V f]?||cc < L? if and only if f is L-lipschitz.

Therefore, if given random vector X ~ N (0, I), then f(X) is 1-subgaussian for every f € Lip(R"™, || ||).
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