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Manifolds are invaluable in generalizing multiple ideas. For example, it allows us to generalize the
concepts to calculus to spaces that are not only globally, but locally Euclidean.

1 Smooth Manifolds

1.1 Topological Manifolds and Topological Properties

Definition 1.1 (Topological Manifold, Coordinate Chart, Atlas). Suppose M is a topological space. M
is a (real) topological manifold of dimension N if

1. M is Hausdorff: for every pair of points p,q € M, there exists disjoint open subsets U,V C M such
that pe U, qe V.

2. M is second countable: There exists a countable basis for the topology of M.

3. M is locally homeomorphic to RY: There exists a covering of open sets in M where each open set
is homeomorphic to an open set in R"V. The visual below shows a 1-dimensional and 2-dimensional
manifold.

\%

Given open cover Uy, ..., U, with their respective homeomorphism maps ¢1, ..., @, where
Q5 . U, — R"™
and component maps

PYi = (Iﬂﬂfiza---,mm)

their pairs (U, ¢;) are called coordinate charts. The collection of all coordinate charts
A= {(Us, pi)}iza
is called the atlas of M.

Note that the Hausdorff and second-countability condition is sometimes ommitted from the definition of
a manifold, but we keep it since:

1. many manifolds in nature have these properties.
2. we can deduce must more interesting properties about manifolds with these assumptions.

Theorem 1.1 (Product Manifolds). Let My, Mo, ..., M, be topological manifolds of dimensions my,ms
...y, Tespectively. Then, the product space
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is also a topological manifold with

i=1 i=1
\ R R "~ g™

,I/ ..eq)??.‘ ,' ‘y(l) > , (le)()é) (W"Z)
b = (¢(p), ¥4)

Example 1.1 (Graphs of Continuous Functions). Given a continuous function f : U — R™ its graph

I(f) ={(z,y) eR" xR™ |z € U,y = f(z)}

with the subspace topology is a topological manifold. Actually, this manifold is globally homeomorphic to
an open set in R™, meaning that this is trivially a manifold.

Example 1.2 (Unit Sphere). The unit sphere S™ is a topological manifold since we can construct an atlas
of charts formed by the stereographic projection. We show the stereographic projection for a 1-sphere.

o \ PO 7 lR\
p0s) ) g

Example 1.3. The n-sphere with the induced open ball topology of R™*! is not homeomorphic to R"
since S™ is compact and R™ is not. However, the n-sphere with one point p € S™ removed, (S™\
{p}; TRnt1|sm\(p}) is homeomorphic to R™ and is also not compact. We can visualize this homeomorphism
by imagining the "hole” getting larger and stretching S? out to "look like” R?.

Example 1.4. The n-turous, defined

’]I‘"EHSl

is a product manifold.

We end this section by stating a theorem that gives topological manifolds a nice basis structure. Recall
that a subset U in a topological space X is said to be precompact if the closure U is compact.

4/ 2]
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Lemma 1.2 (Basis of Topological Manifolds). Ewvery topological manifold has a countable basis of pre-
compact coordinate balls.

~

\ lp,“/::\ Frefomfa,ct
v

‘\ -
N

\ %

¥

Lemma 1.3 (Fundamental Groups of Topological Manifolds). The fundamental group of any topological
manifold is countable.

1.2 Smooth Structures

Note that even though topological manifolds bear some resemblance to Euclidean space, we cannot do
calculus on them since derivatives are not invariant under homeomorphisms. For example, compare the
two homeomorphisms @1, @2 : R? — R? (shown by visualizing the images of the grid lines), where

Qal(ua U) = (uv U) @2(ua U) = (u1/37 01/3)

Given function f : M — R™, if topological manifold M has chart 1, f will be considered smooth at
©~1(0), but if M has chart ¢, f will not be considered smooth at ¢~2(0).

Clearly, it is a problem if two different charts around a point gives contradicting things about its smooth-
ness. We can fix this by introducing a structure that makes smoothness invariant. First, recall the
definition of a diffeomorphism.

Definition 1.2 (Diffeomorphism). If smooth f : U C R" — V C R™ is bijective and has a smooth
inverse map, then f is said to be a diffeomorphism. That is, a diffeomorphism is a homeomorphism
where both the function and its inverse is smooth. More specifically,

1. If f, f~1is of class C*, then it is a C*-diffeomorphism.
2. f, f~1is of class C™, then it is a C'*°-diffeomorphism, or a smooth diffeomorphism.

Definition 1.3 (Transition Maps, Smooth Atlases). Let M be a topological manifold with (U, ¢), (V, )
two charts such that U NV # (. Then, the composite map (between Euclidean spaces)

z/Jo<p_1:g0(UﬂV)—>¢(UﬂV)

is called the transition map from ¢ to .

5/ 2
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N

The two charts are said to be smoothly (or C*) compatible if either
1. UNV =0, or

1 1

2. the transition map 1 o ¢! is a smooth (or C*) diffeomorphism. Since 1 o ¢~
Euclidean spaces, this means that 1 o ¢! has continuous partial derivatives.

is a map between

An atlas A is called a smooth (C*) atlas if any 2 charts in A are smoothly (C*) compatible with each
other.

Example 1.5. A transition map can be defined between two stereographic projections of the 1-sphere
51 : SI\ {p} — R and 63 : S*\ {q} — R, where p and q are diametrically opposite points of S*. By
placing R within S orthogonal to the line segment PQ and intersecting the center of S*, we find that
the transition function 61 0 85 *(n) = 83 067 *(n) = L

1

Let’s go back to our example problem earlier. Given an open neighborhood M around 0 € R?, the two
(global) charts @1, @2 are not smoothly compatible since

(p2 001 ) (u,0) = (u/?,01/%)

is not smooth. Therefore, they cannot be a part of the same smooth atlas.

Our previous problem hints at another one: Which atlas is the "right” one? In general, there will be
many possible choices of atlases that give the "same” smooth structure. The 3 following atlases shown
below (consisting of one global chart, for simplicity), are all viable.

o/ 2
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In the visual above, notice that

1. Ay, Az, Az are all smooth atlases (trivially).
2. 1 and g are smoothly compatible = A9 = {(M, 1), (M, ¢2)} is a smooth atlas.

3. 3 is not smoothly compatible with either 1 nor ¢o. This implies that A3 = {(M, ¢1), (M, p3)}, Asg =
{(M, ¢2), (M, ps3)} are not smooth atlases.

Clearly, ¢1 and - are closely related as they are smoothly compatible. Furthermore,

A C A127 Ay C Aig

Now, imagine an atlas that contains (M, 1), (M, p2), and all other possible charts that are smoothly
compatible with (1 and ¢s5. This creates a "maximal” smooth atlas.

Definition 1.4 (Maximal Smooth Atlas). A mazimal smooth (C* )atlas is a smooth (C*) atlas that is
not contained in any strictly larger smooth atlas. In other words, it is the largest possible atlas in which
every chart is smoothly (C*) compatible with one another.

The existence of this maximal smooth (C*) atlas wouldn’t be as helpful without the following lemma,
which allows us to easily describe it.

Lemma 1.4 (Induced Maximal Smooth Atlases of Topological Manifolds). Let M be a topological n-
mamnifold.

1. Every smooth atlas for M is contained in a unique maximal smooth atlas.

2. Two smooth atlases for M determine the same mazximal smooth atlas if and only if their union is
a smooth atlas.

That is, let Ay,...,Aq,B1,...,Bp, C1,...,C. be a collection of smooth atlases on M such that any union
of the A;’s, any union of the B;’s, and any union of the C;’s, are smooth atlases. Then, we can imagine
all of the A;’s as subsets of the unique maximal atlas A*, all of the B;’s as subsets of the unique maximal
atlas B*, and all of the C;’s as subsets of the unique mazimal atlas C*.

72
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Therefore, there can exist many smooth structures for topological manifold M.
From the lemma, we can clearly see that the atlases form an equivalence class, one for smooth structure.

Definition 1.5 (Smooth Equivalence Relation). Two atlases A, Ay are smoothly (C*) equivalent if
A; U Ay forms a smooth (C*) atlas. Note that C*-equivalence is a relation, and so the collection of all
atlases that are C*-equivalent forms a C*-equivalence class, which is actually detremined uniquely by
the maximal atlas.

Definition 1.6 (Smooth (C*) Structure, Smooth (C*) Manifolds). Three closely related definitions:
1. A smooth (C*) structure on a topological n-manifold M is a maximal smooth (C*) atlas.

2. A smooth (C*) manifold is a pair (M,.A), M being a topological manifold and A a smooth (C*)
structure.

3. A chart, or a coordinate map, of a smooth manifold, is called a smooth chart.
Three final things to mention:

1. There exist topological manifolds that admit no smooth structures at all. So, we cannot add a
smooth structure to every topological manifold.

2. It is generally not convenient to define a smooth structure by explicitly describing a maximal
smooth atlas, since such an atlas contains many charts. Fortunately, by the previous lemma, we
only need to specify some smooth atlas, which will induce a maximal smooth atlas.

Specify A; = Smooth Structure = A*
Specify B; = Smooth Structure = B*
Specify C; = Smooth Structure = C*

3. In many cases, one proves that a topological manifold M has a smooth atlas by directly computing
and seeing that 1 o ¢! is smooth, for every pair v, ¢ in the atlas. Clearly, all of the ¢ o ¢!
are homeomorphisms (as compositions of homeomorphisms), and since we’ve proved them to be
smooth, it automatically follows that they are diffeomorphisms. j

Definition 1.7 (Other Classes of Manifolds). Let M be a manifold.
1. A C° manifold is just a topological manifold.

2. If the transition mappings of M can be expressed as real analytic (i.e. expressible as a convergent
power series in a neighborhood of each point), then M is said to have a C¥ structure, making M
a real-analytic manifold.

3. If M has an even dimension 2m, then we can use the fact that R?™ ~ C™ to define a C™ structure,
making M a complex manifold.

5/ 2
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Example 1.6. Consider R with the charts (R, id) and (R,x3). Each of these charts cover R, but they
are not C*-compatible (since </x is not C* ), which means that they generate different maximal atlases.
In fact, in R, there are an infinitely many non-compatible maximal atlases each giving the topological
space R the structure of a differentiable manifold.

We can actually prove a stronger theorem.

Theorem 1.5 (Distinct Smooth Structures on Positive-Dimensional Smooth Manifolds). Let M be a
nonempty topological manifold of dimension n > 1. If M has a smooth structure, then it has uncountably
many distinct ones.

1.2.1 Local Coordinate Representations

We describe how one usually thinks about coordinate charts on a smooth manifold. Once we shoose a
smooth chart (U, ¢) on M, the coordinate map

o:U—UCR"

can be thought of as giving an identification between U and U. Using this identification, we can think
of U simultaneously as an open subset of M and as an open subset of R™. You can visualize this
identification by thinking of a ”grid” drawn on U representing the inverse images of the coordinate lines
under .

Using this identification, we can represent point p € U by its coordinates

(xl,IZ, ,z”) = ¢(p)

and think of this n-tuple as being the point p (even though p, as an abstract point, really has no
coordinates). This is typically expressed by saying that (wl, e x”) is the (local) coordinate representation
for p” or "p = (acl, e a:") in local coordinates.” Note that the curves (lines) do not necessarily have to be
rectilinear. The projected lines from Euclidean space onto the manifold can be of any shape, including
polar, as long as it is a homeomorphism.

Definition 1.8 (Einstein Summation Notation). Due to the abundance of summations in this chapter,
we will abbreviate such a sum as such ‘ .
Z l’in = .’EZEZ'
i

1.2.2 Construction of a Smooth Manifold

When defining a smooth manifold, we start with a topological space and check that it is a topological
manifold, and then we specify a smooth structure. The following lemma combines these steps into one.

Lemma 1.6 (Smooth Manifold Construction Lemma). Let M be a set, and suppose we are given a
collection {Uy} of subsets of M, together with an injective map @o, : Uy, —> R™ for each «, such that
the following properties are satisfied:

1. For each a, ¢, (Uy) is an open subset of R™.

2. For each o and B, wo(Ua NUg) and pp(Us NUg) are open in R™.

9/ 2
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3. Whenever U, NUg # 0, @u 0 4,0;1 2 pa(Ua NUB) — pa(Us NUR) is a diffeomorphism.
4. M 1is second countable.
5. M is Hausdorff.

Then, M has a unique smooth manifold structure such that each (Uy, pa) is a smooth chart.

1.3 Manifolds with Boundaries

We may come across manifolds which have a "boundary” of some sort, such as the closed unit ball in
R"™ and the closed upper hemisphere in S™.

Definition 1.9 (Euclidean Upper Half-Space). The closed n-dimensional upper half-space H" C R™ is
defined

H" = {(z',2°%, ...,2") € R" | 2" > 0}
H? and H® are shown below.
L 3
HI [Hi
< / ~
T~ ”~
< - > /

Clearly, H" has the subspace topology induced by that of R™, allowing charts to map open neighborhoods
of boundary points. We also define

Int(H") = {(z',2%,...,2") €R™ | 2" > 0}
OH™) = {(z',2%,...,2") eR" | 2" = 0}

Definition 1.10 (Smooth Maps between Subsets). Note that a smooth map from an arbitrary subset
A C R™ to R is defined to be a map that admits a smooth extension to an open neighborhood of each
point.

Definition 1.11 (Topological Manifold with Boundary). An n-dimensional topological manifold with
boundary is a second-countable Hausdorfl space M that is locally homeomorphic to H". An open subset
U C M together with a homeomorphism ¢ from U to an open subset of H" is called a chart.

1. (U, ) is an interior chart if p(U) C Int(H").
2. (U, ) is a boundary chart if o(U) N OH"™ # ()

interior Llwvt

b

10/ [p2]
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A point p € M is a boundary point if its image under some smooth shart is in OH"; the set of all such
boundary points is denoted dM. The set of all interior points of M is denoted Int(M). Furthermore, it
turns out that

M =Int(M)U oM
That is, M can be partitioned into its interior and boundary.

To define a smooth structure on a manifold with boundary, we must be able to define smooth maps that
encompasses cases between boundary charts.

Definition 1.12. Thus, if U is an open subset of H”, a map F : U — R¥ is smooth if for each z € U
there exists an open neighborhood V' C R” of  and a smooth map (extension) I’ : V — R¥ that agrees
with F on V NH".

Definition 1.13 (Smooth Manifold with Boundary). Let M be a topological manifold with boundary. A
smooth structure for M is defined to be a maximal smooth atlas, i.e. a collection of charts whose domains
cover M and whose transition maps (and inverses) are smooth as in it admits smooth extensions. With
such a structure, M is called a smooth manifold with boundary.

Note that the boundary of manifold M and the boundary of M as a subset of a bigger topological space
are two completely different sets.

Example 1.7. Let B? be the open unit disk in R2. Then, B2, the closed unit disk, is a smooth manifold
with boundary, with the boundary being the circle S'. However, if we interpret B? as a topological
subspace

1. R?, the topological boundary is S*.
2. R3, the topological boundary is B2.
3. B2, the topological boundary is ().

Furthermore, every smooth n-manifold can be considered a smooth n-manifold with boundary by com-
posing each chart mapping with a diffeomorphism from R™ to H” such as

(ml, oz :1:") — (a:l, ez e’”")

This modifies all manifold charts to take its values in Int(H") without affecting the smooth compatibility
condition. Also, given a smooth n-manifold with boundary M, Int(M) is also a topological n-manifold
since the subfamily of all smooth interior charts is also a smooth atlas.

2 Smooth Maps

Definition 2.1 (Smooth Maps from Manifolds to Euclidean Space). If M is a smooth n-manifold, a
function f : M — R” is said to be smooth if for every p € M, there exists a smooth chart (U, ¢) for M
whose domain contains p and such that the composite function, called the coordinate representation of

f
f=fop lip(U)cR" —R”

is smooth.

11/ 2]
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By definition, f is smooth if and only if its coordinate representation is smooth in some smooth chart
around every point.

The set of smooth real-valued functions f : M — R is denoted as C*°(M). Since sums and constant
multiples of smooth functions are smooth, C* (M) is a vector space.

Definition 2.2 (Smooth Maps between Manifolds). Let M, N be smooth m,n-manifolds, and let F' :
M — N be any map. Then, F is a smooth map if for every p € M, there exist smooth charts (U, ¢)
containing p and (V) containing F'(p) such that F(U) C V and the composite map

YpoFop t:plU)CR™ — (V) CR"

is smooth (in the regular Euclidean sense). The abstraction of F' does not do us much good computation
wise, so more often than not, we look at the coordinate representation of F

}3’5¢0Fo<p71

In here, F'is really just a representation of the abstract map F' in specific local coordinates determined
by ¢ and ¥. Once ¢, 1 are determined, we can often ignore the distinction between F' and F'.
Application-wise, there are three ways to prove that a particular map is smooth:

1. Write the map in smooth local coordinates and recognize its component functions as compositions
of smooth elementary functions.

2. Exhibit the map as a composition of known smooth maps.

3. Use some special-purpose theorem that applies to the particular case.

M N

V
V
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Theorem 2.1 (Properties of Smooth Maps between Manifolds). Given M, N smooth m,n-manifolds,
with arbitrary map F : M — N, we have the following properties:

1. If F is smooth, then F' is continuous.
2. The composition of smooth maps between smooth manifolds is smooth.

3. If there exists an open cover {Uy}o of M and smooth maps F,, : U, — N such that they agree on
overlaps

Fa‘UamUﬁ = FB’UaﬁUﬁ for all a, B

then there exists a unique smooth map F : M — N such that F' agrees with all the F,’s.
The last property is convenient for when we wish to construct a global smooth map from local ones.
Proof. We prove the first two properties:

1. Suppose F': M — N is smooth. The definition of smoothness guarantees that for every p € M,
we can choose smooth charts (U, ) containing p and (V, ) containing F(p) such that F(U) C V
and o Fop~1:(U) — ¢(V) is smooth, hence continuous. Since ¢ and v are homeomorphisms,
this implies that

F‘U =y~ lo (z/JoFo<p_1)o<p:U—>V

is continuous, as a composition of continuous maps. Since F' is continuous at each point, it is
continuous on M.

2. Looking at the diagram below, we can see that since F,G are smooth, the mappings (between
Euclidean spaces) # o F o o~! and 1) o G o #~! are smooth, meaning that their composition

(boGob ™) o(@oFop™)=go(GoF)op

is smooth. By definition, this means that G o F' is smooth.

M

13/ [p2]
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2.1 Clarification of Multiple Meanings of Smoothness

We emphasize that the smoothness of a map F' between manifolds depends only on the smoothness of
its coordinate representation F'! This warning is more clearly explained through the following example.

Example 2.1 (Mappings between Lines with Different Smooth Structures). Let us have manifold R with
the standard smooth structure determined by global mapping id: R — R. Let us have a second manifold
R with smooth structure determined by global mapping (x) = /3. Now, let us have mappings (between
manifolds) Fy, Fy, F5 : R — R where Fy(z) = z, Fy(z) = 2, F3(2) = 2%, as shown below.

Fulx=x
R 4
) T R

. \/ o
LII ‘Fz (x):xé yb(-) % 3

3 R

Then,

Yo Fyoid  (x)=2% = F\ not smooth
YoFyoid '(z) =1 = F, smooth
Yo F3oid ' (z)=12> = F3 smooth

Note that the smoothness of the F;’s when interpreting them as mappings between manifolds gives results
compared to when we interpret them as regular mappings between Euclidean space. For example, Fj is
not smooth in the manifold sense even though it is clearly smooth in the Euclidean sense (since it is the
identity mapping).

2.2 Diffeomorphisms

Definition 2.3 (Diffeomorphism). A diffeomorphism between smooth manifolds M and N is a smooth
bijective map F' : M — N that has a smooth inverse. It is said that M and N are diffeomorphic if
there exists a diffeomorphism between them, denoted as

M=~N
This is in fact an equivalence relation. Just as two topological spaces are considered to be the same if

they are homeomorphic, two smooth manifolds are essentially indistinguishable if they are diffeomorphic.
Clearly, diffeomorphisms preserve the dimensionalities of M and N.

Clearly, if M is any smooth manifold and (U, ¢) is a smooth coordinate chart on M, then ¢ : U —
o(U) C R™ is a diffeomorphism (by definition).

Example 2.2. Let B™ be the open unit ball in R™ (each with the standard smooth structure). Then, the
map

T
F:B" —R" Flx)= ————
1—|lz|?
is a diffeomorphism.

Example 2.3 (Mappings between Lines with Different Smooth Structures). In the diagram below re-
garding a previous example, we have the three maps Fy, Fp, F3 : R — R, where R is a smooth manifold
with the standard smooth structure, and R is a smooth manifold with the smooth structure consisting of

Y.

14/
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R 7

< ~ Fi C;c):xg ~ ~
. ~_ 7 co
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R R

To find out whether F; is a diffeomorphism, we must confirm that F; is bijective, smooth, and FZ-_1 18
smooth.

1. Fy is clearly bijective. 1o Fy oid~*(z) = z'/3, so Fy is not smooth. id o Ffl oyt =123, s0 Ffl
is smooth.

2. Fy is clearly bijective. 1o Fyoid ' (x) = x, so Fy is smooth. ido Fy ' op=r =z, so Fy * is smooth.

3. F5 1s not biyjective. o Fso id‘l(gc) = 22, so Fy is smooth. Since Fs is not injective, F?fl s not
well-defined.

Therefore, Fy is the only diffeomorphism out of the three observed functions.

Definition 2.4 (Local Diffeomorphism). F': M — N is called a local diffeomorphism if every point
p € M has a neighborhood U such that F(U) is open in N and

F|,:U—F()

is a diffeomorphism.

2.2.1 Nondiffeomorphic Smooth Structures on Manifolds

We already found out that there are many distinct structures on a positive-dimensional smooth manifold
(in fact, an uncountable number of them). Furthermore, we have seen in this section that there may
exist a diffeomorphism between the two copies of the topological manifold, each with distinct smooth
structures (Fy(z) = 2® was a diffeomorphism between (R,id) and (R, ).

This leads to the more interesting question of whether a given topological manifold admits smooth
structures that are not diffeomorphic to each other (as in, there exists no diffeomorphism F between two
copies of a given topological manifold, each with distinct smooth structures).

Definition 2.5 (Diffeomorphic Smooth Structures). Given a topological manifold M, let A; and As
any two smooth structures on M. Then,

(M, A1) = (M, Asz)

if there exists some diffeomorphism F' : (M, A1) — (M, A2). If the underlying manifold M is known,
then we write this more concisely as

Al =~ Ay
and say that
1. A; and As are diffeomorphic smooth structures on M, or

2. A; and As are identical smooth structures on M up to diffeomorphism.

In fact, the properties of smooth mappings imply that this relation ~ endowed on the set of all smooth
structures of M forms equivalence classes of diffeomorphic smooth structures. Visually, given that
A* B*,C*, ... are smooth structures on M, they can be classified further into their respective diffeo-
morphism classes.

15/ [p2]
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A¥~ g*

Example 2.4 (Diffeomorphic Smooth Structures of R). Since Fy = 22 is a diffeomorphism between

(R, id) and (R, ), the two atlases {R,id} and {R,} are diffeomorphic smooth structures:

{R,id} = {R, ¢}
It turns out that every smooth structure of R is equivalent in this sense. That is, there is only one smooth
structure on R up to diffeomorphism.

Theorem 2.2 (Classification of Nondiffeomorphic Smooth Structures on R™). The classification of
smooth structures on Euclidean space is as follows:

1. When n # 4, R™ has one unique smooth structure up to diffeomorphism.

2. R* has uncountably many distinct smooth structures, no two of which are diffeomorphic to each
other! The study of exotic R*s arises from this phenomenon.

For compact manifolds, the situation is even more fascinating.

Theorem 2.3 (Classification of Nondiffeomorphic Smooth Structure on S™). The table below details the
number of unique smooth structures on S™ (for n up to 12) up to diffeomorphism.
n 123 4|5|6] 7|8|9]10] 11|12
Smooth Struc. on'S™ [ 1| 1| 1] 2| 1[1]28]2]8]| 6| 992] 1

Notice that the number of smooth structures on the exotic 4-sphere is still unanswered.

2.3 Lie Groups

Definition 2.6 (Lie Group). A Lie group is a smooth manifold G that is also a group in the algebraic
sense, with the property that

1. the multiplication map m : G x G — G, m(g,h) = gh is smooth. That is, the function
pomo (px)~:R> — R™ in the visual below is smooth in the Euclidean sense.

g

f

j{,'(cex'f)(g;") “5

=T T T T ™~y
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2. the inversion map i : G — G, i(g) = g~ ! is smooth. That is, the function foiop~! : R™ —s R™
in the visual below is smooth in the Euclidean sense.

Definition 2.7 (Lie Group Homomorphism). If G and H are Lie groups, a Lie group homomorphism
from G to H is a smooth map F' : G — H that is also a group homomorphism. The smoothness of F
(a smooth property) and its preservance of the algebraic structure of G (an algebraic property) can be
comphrensively shown in the commutative diagram below.

RmemWGxGLGLRm

J/FXF J{F
R"anWHxH%HLR"
Note that

1. oxmy x(px@) L i R™ x R™ — R™ and ¢ omgo (¢ x )~ : R® x R® — R™ are smooth since
G and H are Lie groups.

2. Fom; : GxG — Hand myo (F X F) : G x G — H are smooth since F is a Lie group
homomorphism. Note that since F o m; and ms o (F' X F) are smooth maps between manifolds, it
really means that the maps

YoFomio(pxp) L R™ xR™ — R"
Yomgo(Fx F)o(pxg) HR™xR™ — R"

are smooth in the Euclidean sense.

F is called a Lie group isomorphism if it is also a diffeomorphism, which implies that it has an inverse
that is also a Lie group homomorphism. This means that G and H are isomorphic Lie groups, meaning
that they are indistinguishable as topological spaces, smooth manifolds, and as algebraic structures.

2.4 Smooth Covering Maps, Proper Maps
TBD TBD

2.5 Partitions of Unity

Recall the Gluing Lemma from topology, which allows us to construct continuous maps by ”gluing
together” maps defined on subspaces.

17/
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Lemma 2.4 (Pasting Lemma, Gluing Lemma). Let X = A U B, where A, B are closed in X. Let
f:A—Y and g: B—Y be continuous. If

f(x)=g(x) forallz € ANB

Then f and g can be combined to form a continuous function h : X — Y, defined

f(x) x€ A\ B
h(z) =< f(z) org(z) z€ ANB
g(z) x€B\A

For smooth manifolds, however, the gluing lemma is of limited usefulness, since the produced map, while
continuous, is rarely smooth. Observe the following example.

Example 2.5. Given two functions fi :[0,00) — R and f_ : (—o0,0] — R defined by
fi(z) =~+z,2 € [0,00)
f_(ﬂl‘) =—x,rc (—O0,0]

are both smooth and agree at the point 0 where they overlap, but the continuous map f : R — R that
they define, f(x) = |z|, is not smooth at the origin.

Partitions of unity solves this problem as tools for patching together local smooth maps into global
ones. We must first establish the existence of smooth functions that are positive in a specified part of a
manifold and identically zero in some other part.

Lemma 2.5. The function f: R — R defined by

eVt >0
t) =
) {O -

18 smooth.

Proof. By induction, showing that the kth derivative of f is of the form

FO(p) = 2D e

Lemma 2.6. There exists a smooth function h : R — R, called the cutoff function, such that

t<1
<h(t)<l 1<t<?2
t>2

h(t) =

o O =

Definition 2.8. If f is any real-valued or vector-valued function on a topological space M, the support
of f, denoted by suppf, is the closure of the set of points where f is nonzero.

suppf = cl({p € M | f(p) # 0})

If suppf is contained in some set U, we say that f is supported in U. A function f is said to be compactly
supported if suppf is a compact set. Clearly, every function on a compact space is compactly supported.

Lemma 2.7. There is a smooth function H : R" — R such that 0 > H(z) > 1 everywhere, H=1 on
B1(0), and suppH = B3(0), where B;(c) is the open ball with radius i centered at c.

Proof. Just set H(x) = h(||x||), where h is the cutoff function. [ |

We can visualize the function H in the preceding lemma by assigning a greyscale color to the space R"
(1 representing black, 0 representing white, and everything in between is greyscale). Then, H would
produce a black closed ball of radius 1 in R™, with a smoothly changing shade of grey outside the ball of
radius 1 but in the ball of radius 2, which then smoothly transitions to white for the rest of R™ \ By(0).
The function H constructed in this lemma is an example of a smooth bump function, a smooth real-valued
function that is equal to 1 on a specified closed set (in this case, B;(0)) and is supported in a specified
open set (in this case, any open set containing By (0)). Later, we will generalize this notion to manifolds.
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2.5.1 Paracompactness

In order to rigorously define the existence of partitions of unity, we must introduce some technical
definitions. The biggest takeaway from this section is that a smooth manifold M that is paracompact
admits a smooth partition of unity.

Definition 2.9. Let X be a topological space. A collection U of subsets of X is said to be locally finite
if each point of X has a neighborhood that intersects at most finite many of the sets in U.
Clearly, an open cover of X where each open set intersects finitely many others is locally finite.

Definition 2.10. Given an open cover U of X, another open cover V is called a refinement of U if for
each V €V there exists some U € U such that V C U (in a way, V is finer than U).

Definition 2.11. A topological space X is paracompact if every open cover of X admits a locally finite
refinement.

Proposition 2.8. Let M be a smooth manifold. FEvery open cover of M has a reqular refinement. In
particular, M is paracompact.

Definition 2.12. Let M be a topological space, and let X = {X,}aeca be an arbitrary open cover of
M. A partition of unity subordinate to X is a collection of continuous functions {¢, : M — R} with
the following properties.

1. 0<¢(z) <1lforall € Aandall xze M.
2. suppt, C Xq.

3. The set of supports {supp,, } is locally finite.

=~

Y acaValr) =1forall 2 € M.

A smooth partition of unity is one for which each of the functions 1, is smooth.

Theorem 2.9 (Existence of Partitions of Unity). If M is a smooth manifold and X = {Xs}aca is any
open cover of M, there exists a smooth partition of unity subordinate to X.

Proposition 2.10 (Existence of Bump Functions). Let M be a smooth manifold. For any closed set
A C M and any open set U containing A, there exists a smooth bump function for A supported in U.

3 Tangent Vectors

In order to utilize linear approximations on smooth manifolds, we introduce the notion of a tangent space
on a manifold.

3.1 Geometric Tangent Vectors

Let us assign a vector space, called a tangent space to each point in R™. That is, the geometric tangent
space to R™ at the point a € R” is defined

R} ={(a,v) |v e R"}

under the natural operations

Vo +we = (V4 w),

c(vg) = (ev)q

A geometric tangent vector in R™ is an element of this space, denoted v,, and R} ~ R™. Note that while
these tangent spaces are isomorphic, we distinguish them with the subscripts a representing the point.
When looking at other sets in Euclidean space, such as S"~! C R", we can define the tangent space as
the space of vectors that are orthogonal to the radial unit vector through a. But this definition is limited
within the confines of Euclidean space and not for abstract manifolds. Therefore, we must utilize the
concept of directional derivatives, which is provided by a tangent vector, to construct tangent spaces.
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For example, a geometric tangent vector v, € R7 yields a map

D,|, :C*([R") — R
which takes the directional derivative in the directoin v at a.
d
Dy|,f=Duf(0) = 3| fla+t)
t=0

This differential operation at the point a is linear and satisfies the product rule

Dv|a(fg) = f(a)Dv|ag +9(a)Dv|af

If v, = v'e;|, in terms of the standard basis (where e;], is the basis of R?), then by the chain rule D,|, f
can be written more concretely as

of

D”‘af =v Ozt (a)

Definition 3.1. If a € R?, a linear map X : C*°(R") — R is called a derivation at a if it satisfies the
following product rule

X(fg) = fla)Xg+gla)Xf

Furthermore, let T, (R™) denote the set of all derivations of C*°(R") at a. Let us endow this set with
the operations of addition and scalar multiplication

(X+Y)f=Xf+Yf
(cX)f = e(Xf)

It can be checked that if X,Y are derivations (i.e. satisfies linearity and the product rule), then X +Y
and ¢X are also derivations, which makes T,(R"™) a vector space.

Proposition 3.1. For any a € R", the map v, — Dyl|q s an isomorphism from R to T, (R™).
Corollary 3.1.1. For any a € R", the n derivations

9
ozl

0

PICEREY 7’”’
u ox

0
. Oz

o

a

form a basis for T, (R™), which therefore has dimension n. These basis vectors are more commonly known
as the partial derivatives of the C* function f at the point a.

Proof. Use the fact that
0

ozt

€4

a
a

So far, given the Euclidean space R™, we have constructed this: for every a € R™, the tangent space
T, (R™) consists of vectors that are also derivations of C*°(R™). In other words, we can view the tangent
space at a as the vector space of linear differential operators that each take in a C*° function f : R* — R
and outputs the directional derivative of f in direction v, evaluated at a, which is a real number. It
turns out that in each tangent space at, say a € R™, there exists a basis of directional derivatives (more
commonly known as the partial derivatives) in direction e;, the basis vectors, and of course, evaluated
at point a.
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3.1.1 Tangent Vectors on Manifolds

Before we define tangent spaces on a smooth manifold M, recall that the definition of a smooth (or C'°°)
function f : M — R says that there exists a smooth chart (U, ) for M whose domain contains p and
the composite function

fop l:R*" —R

is smooth on the open subset (U) C R™. In other words, we are defining the smoothness of f really
through the smoothness of f o ¢~1.

Definition 3.2. Let M be a smooth manifold and let p be a point of M. A linear map X : C*°(M) — R
is called a derivation at p if it satisfies

X(fg)=fp)Xg+gp)Xf

for all f,g € C°°(M). The set of all derivatives at p is a vector space called the tangent space to M at
p, and is denoted by T, M. An element of T, M is called a tangent vector at p.

Therefore, we can think of the tangent space of point p in a smooth manifold M as the space of all
directional derivatives of a smooth function

fop l:R*" —R

evaluated at the point ¢ ~1(p). It is good to visualize tangent vectors to an abstract smooth manifold M
as arrows that are tangent to M and whose base points are attached to M at the given point. Theorems
about tangent vectors must always be proved using the abstract definition in terms of derivations, but
the intuition should be guided by the geometric picture.

3.2 Pushforwards

We now observe the way that tangent vectors behave under smooth maps. In the case of a smooth map
between Euclidean spaces, the total derivative of the map at a point (represented by its Jacobian matrix)
is a linear map that represents the ”best linear approximation” to the map near the given point. In the
manifold case, there is a similar linear map, but it acts between tangent spaces.

Definition 3.3. Given smooth manifolds M and N with a smooth map F': M — N, we can define
for each p € M a map

Fo: TyM — TpgyM, (F.X)(f) = X(fo F)

to be the pushforward associated with F. Note that X is a tangent vector of M, while F, X is a tangent
vector of N. Furthermore, if f € C*°(N), then fo F € C°°(M), which is consistent with the operations.
The operation F,X is clearly linear and it satisfies the product rule because

(F.X)(f9) = X((fg) o F)
=X((foF)(goF))
=foF(p)X(goF)+goF(p)X(foF)

= f(F(p) (F.X)(9) + 9(F(p)) (F.X)(f)

Lemma 3.2 (Properties of Pushforwards). Let F': M — N and G : N — P be smooth maps, and let
p € M. Then,

1. Fo : TyM — Tp,)M s linear.

2. (GoF)y=GyoF,: TyM — Tgopp) P.

3. (IdM)* =Idp,n : TyM — T, M.

4. If f is a diffeomorphism, then Fy : T,M — Tp,) N is an isomorphism.

Note that while the tangent space is defined in terms of smooth functions on the whole manifold,
coordinate charts are in general defined on open subsets. The key point is that the tangent space is
really a purely local construction.
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Proposition 3.3. Suppose M is a smooth manifold with p € M and X € T,M. If f and g are both
smooth functions on M that agree on some neighborhood of p, then X f = Xg.

Clearly, this implies that tangent spaces of open submanifolds can be naturally identified with those of
the whole manifold.

Proposition 3.4. Let M be a smooth manifold and let U C M be an open submanifold withi:U — M
the canonical inclusion map. Then, for any p € U,

iyt T U — T,M
is an isomorphism.

This identification of X to i,X just says that they are the same derivation, with the exception that X
acts on functions on the bigger manifold M instead of functions on U. This is a harmless claim, since
functions can be defined locally. This means that any tangent vector X € T, M can be unambiguously
applied to functions defined only in a neighborhood of p and not necessarily on all of M.

Note that every finite-dimensional vector space has a natural smooth manifold structure that is inde-
pendent of any choice of basis or norm. The follow proposition shows that the tangent space to a vector
space can be naturally identified with the vector space itself.

Proposition 3.5 (Tangent Space to a Vector Space). For each finite dimensional vector space V and
each point a € V, there is a natural isomorphism V. — T,V such that for any linear map L : V — W
the following diagram commutes.

V =5 T,V

b e

W —=5 T, W

3.3 Computations in Coordinates

The work that we have done is quite abstract, so we will do some down-to-earth computations in local
coordinates. Let (U, ¢) be a smooth coordinate chart on M. Note that ¢ is a diffeomorphism from U to
an open subset U C R™. Thus, treating pU) = U as a submanifold of the manifold R™, the pushforward
of the function ¢ : U — R"

0o : TyM — Ty R”

is an isomorphism. We know that T, ,)R™ has a basis consisting of the derivations a/axi’w(p),i =

1,2,...,n. Therefore, the pushforwards of these vectors under (p~!), form a basis for T, M. The images
of these vectors will be denoted

0
ox?

9]
_ -1

P

©(p)
It is clear that 5/8$i|p acts on smooth functions f: U — R by

aA
) f

O | = = L)

—| =
5xp

0

o], U°

©(p)

where f = f o1 is the coordinate representation of f, and p = (ph,...,p™) = ¢(p) is the coordinate
representation of p. This can be summarized in the following lemma.

1

Lemma 3.6. Let M be a smooth manifold. For any p € M, T,M is an n-dimensional vector space. If
(U, (ml)) is any smooth chart containing p, the coordinate vectors

o,

form a basis for T,M. Thus any tangent vector can be written uniquely as a linear combination.

0

s A
» ox
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using the summation convention.

The numbers X are the components of X. If X is known, its components can be computed easily from
its action on the coordinate functions. That is, for each j, we can think of 7 (which outputs the jth
component of a vector) as a smooth real valued function on U, to get

;017

X(27) = (Xi aii p) (a7) =X 5.7 P) = X7

Abridged, the components of X are given by X7 = X (27).

Now, we observe how pushforwards look in coordinates, starting off with maps between Euclidean spaces.
Let F: U C R* — V C R"™ be a smooth map (U, V open sets in their respective spaces). For any p € U,
the pushforward is a linear map Fi : T,R"™ — Tr(,)R™, which has a certain matrix representation under
the standard basis coordinates. Taking a typical basis vector 9/9x* |p in T,R", we find its image in T, R™

under F,. Using the chain rule,

0 0 B ﬁ OFJ
OFJI o}
- (S F(p))f
Thus,
0 OF7 0
ox* » ox* oyI F(p)

This means that the matrix of the pushforward F) in terms of standard coordinate bases is precisely the
Jacobian matrix, or total derivative, of F'.

1 1
%) . )
9EL(p) .. ZL(p)

Therefore, F : T,R™ — T,,R™ corresponds to the total derivative DF'(p) : R — R™. Now considering
the more general case of smooth maps between smooth manifolds: F' : M — N, the derivation is not
very different. Choosing smooth coordinate charts (U, ¢) for M near p and (V,¢) for N near F(p), we
obtain the coordinate representation

F=goFopt:ipUNFHV)) — y(V)

Using the fact that Foo~! =4~! o F, we compute F, : T,M — T,N

w(p)>

OFi 0
_ -1 -
0 (5 )

9
ox?

0
:F* _1* .
=r (g

Fi

F(sa(p))>
ops 0.
azt P oyJ

F(p)

Thus, F : T,M — T,N is represented in terms of the coordinate bases by the Jacobian matrix of the
coordinate representation of F'. One can see that the concept of the pushforward allows us to abstractify
the Jacobian matrix into an abstract linear transformation from T,M to T,N. Because of this, the
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pushforward of a smooth map F' : M — N is sometimes called its differential or its total derivative.
We will denote F, for the pushforward of a smooth map between smooth manifolds and DF(p) for the
total derivative of a map between finite dimensional vector spaces.

3.3.1 Change of Coordinates

Let (U, ¢) and (V, ) be two smooth charts on M with p € UNV. Let us denote the coordinate function
of » by (2%) and those of ¢ by (#%). Then, any tangent vector at p can be represented to either basis

(8/8mi’p) or (6/85:1’}7).

It isn’t too difficult to find out how these two representations are related. With the transition map
o lipUNV) —p(UNV), oy i(z)=(i'(z),...2"(2))

the pushforward of 1) o ¢~ € End(T,R™) can be written

0 0Fd 0
Yop ), i =57 \$PWP)) =5
( Oz »(p) Oz ( 9z ¥(p)
Letting p = ¢(p), we compute
0 0 0
=), = (¢, (Wop™),
9zt |, O »(p) O #(p)
0%l 0 oF’ 0
=), 5500 57| =55 (e@)W), 55
ox oI w(p) Ox oI W (p)
N
= 92 ) gz )

This formula conveniently, looks exactly like the multivariate chain rule of partial derivatives in R"™.
Applying this to the components of a vector,

L0 (0 D
X_XWP_X<ami(p)8jjp>
0 ) )
- (x 5 - X
(X Oz (p)> 0% |, X 5 )

We can find that the components transform by the rule

.y o077
X7 = .
ox*

(B)X’

3.4 Tangent Vectors to Curves

Definition 3.4. We define a curve in manifold M to be a continuous map
yiJ — M

where J € R is an interval.

Our construction of tangent vectors and pushforwards leads to a very natural definition of tangent vectors
of curves in manifolds.

Definition 3.5. If 7 is a smooth curve in smooth manifold M, the tangent vector to ~y at ty € J is the
vector

d
7/(t0) = Vs (dt ) S T’Y(to)M

where d/ dt| to is the standard coordinate basis vector for the 1 dimensional T3, R.

to
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The tangent vector acts on C°°(M) functions f (that is, f: M — R) by

_d d(fon)
i

(fov)= a (to)
where fo~v: R — R. In other words, 7/(¢o) is the derivation at v(¢¢) obtained by taking the derivative
of a function along ~y. Note also that the path function - is also a smooth map between manifolds.

Let (U, ) be a smooth chart with coordinate functions (z¢). If v(tg) € U, we can write the coordinate
representation of v as y(t) = (v!(¢),...,7™(t)) for t near to. (Note that explicitly speaking, we are really
writing the shorthand form of (¢ o y)(t) = ((¢ © ) (t), ..., (¢ ©7)™(t))). Then, the formula for the
pushforward in coordinates becomes

Y (to)f = <v*jt

to

0

ozt ~(to)

7' (to) = (") (to)

This means that 7/(¢g) is given by essentially the same formula sit would be in Euclidean space: It is the
tangent vector whose components in a coordinate basis are the derivatives of the component functions
of .

Lemma 3.7. Let M be a smooth manifold and p € M. Then, every X € T, M is the tangent vector to
some smooth curve in M.

This lemma tells us that we can think of the tangent space at p as the set of tangent vectors to smooth
curves in M passing through p. Similar results hold under compositions of smooth maps.

Proposition 3.8. Let F: M — N be a smooth map, and let v : J — M be a smooth curve. For any
to € J, the tangent vector at t =ty to the composite curve F oy :J — N is given by

(Fon)(to) = Fu(v'(t0))

We can think of this composition as the double pushforward of the basis vector d/dt|t0 to Tyo)M first
and T(poy)(to)IN second).

4 Vector Fields

4.1 The Tangent Bundle

Definition 4.1. For any smooth manifold M, we define the tangent bundle of M, denoted T'M to be
the disjoint union of the tangent spaces at all points of M.

T™ = | | T,M
peEM

Elements of TM are written as an ordered pair
(p,X) or X,, pe M, X cT,M
The tangent bundle also comes with an natural projection map
m:TM — M, W(p,X) =p
which sends each vector in T}, M to the point p at which it is tangent.
The following lemma reveals an important property of tangent bundles.

Lemma 4.1. For any smooth n-manifold M, the tangent bundle TM has a natural topology and smooth
structure that make it into a 2n-dimensional smooth manifold. With this structure,

m:TM — M

is a smooth map.
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4.2 Vector Fields on Manifolds

Definition 4.2. Given a smooth manifold M, a vector field on M is a continuous map

Y:M-—TM, p—Y,
with the property that

moY =1Idy

or equivalently, Y, € T,M for each p € M. We also say that the vector field is a section (as in cross
section) of the map m: TM — M (i.e. a continuous right inverse of ).

While each vector in the vector field Y ”lives” in distinct tangent spaces, we can visualize a vector
field on manifold M as an arrow attached to each point of M, chosen to be tangent to M and to vary
continuously from point to point.

Definition 4.3. A smooth vector field is a smooth map from M to TM. A rough vector field is a (not
necessarily continuous) map Y : M — T'M satisfying the condition that w oY = Id,,.

IfY : M — TM is a rough vector field and (U, (ml)) is any smooth coordinate chart for M, we can
write the value of Y at any point p € U in terms of the coordinate basis vectors.

0

Y, =Y'(p) 55
p

This defines n functions Y : U — R, called the component functions of Y in the given chart.

Lemma 4.2 (Smoothness Criterion for Vector Fields). Let M be a smooth manifold, and let Y : M —
TM be a rough vector field. If (U7 (mz)) is any smooth coordinate chart on M, then'Y is smooth on U if
and only if its component functions with respect to this chart are smooth.

With this lemma, it is now sufficient to check the smoothness of the component functions in order to
check the smoothness of the entire vector field. The next lemma shows that every tangent vector at a
point can be extended to a smooth global vector field.

Lemma 4.3. Let M be a smooth manifold. If p € M and X € T,M, then there exists a smooth vector
field X on M such that X, = X.

Definition 4.4. Just as for functions, the support of a vector field Y is defined to be the closure of the
set {p € M | Y, # 0}. A vector field is said to be compactly supported if its support is a compact set.

Furthermore, if U is any open set of M, the fact that T,U is naturally identified with 7, M for each
p € U allows us to identify the subset 7=1(U) C TM. Therefore, a vector field on U can be thought of
either as a map from U to TU or a map from U to TM. If Y is a vector field on M, its restriction Y|y
is a vector field on U, which is smooth if Y is.

Definition 4.5. Let us denote the set of all smooth vector fields on M as T (M). It is a vector space
under pointwise addition and scalar multiplication. That is, given Y, Z € T (M)
(@Y +bZ), = aY, + bZ,

The zero element of this vector space is also the zero vector field. In addition, smooth vector fields can
be multiplied by smooth real-valued functions. That is, if f € C*°(M) and Y € T(M), then we can
define fY : M — TM as

(fY)p = f(0)Yy

The coordinate representation of a vector field Y can also be written as an equation between vector fields
rather than at a single point.

0
ozt

0

= Y =YY=
ozt

Yp =Y (p)

p
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A property of vector fields is that they induce operators on the space of smooth real-valued functions
C>™(M). That is, if Y € T(M) and f € C(U), where U is an open set in M, then we obtain a new
function Y f : U — R, defined

0
ox?

0

Yf=Y pye

(f) = Yfp) =Y,/ =Y'(p)

f

P
Note that there is a concrete difference between Y f and fY. Y f is a real valued function shown above,
while fY is a smooth vector field gotten by multiplying the vector produced by Y at point p (Y,) with
the value of f at p (f(p)). Because the action of a tangent vector on a function is determined by the
values of the function in an arbitrarily small neighborhood, it follows that Y f is locally determined. This
leads to another sufficient condition for smoothness of vector fields.

Lemma 4.4. Let M be a smooth manifold, and let Y : M — T M be a rough vector field. Then, Y is
smooth if and only if for every open set U C M and every f € C*°(U), the function Y f : U — R is
smooth.

Notice that due to to this lemma, a smooth vector field Y € T(M) defines a map from C°(M) to itself
by the mapping f — Y f. This is clearly linear over R and satisfies the product rule

Y(fg)=fYg+gYf
since it satisfies for arbitrary point p € M.

Definition 4.6. A linear endomorphism Y of C*°(M) satisfying

Y(f9)=fYg+gYf f,g€C™(M)
is called a derivation of C*°(M).

The next proposition shows that derivations of C°°(M) can be identified with smooth vector fields.

Proposition 4.5. Let M be a smooth manifold. A map Y : C*°(M) — C*(M) is a derivation if and
only if it is of the form Yf =Y f for some smooth vector field Y € T (M).

4.2.1 Pushforwards of Vector Fields

If F: M — N is a smooth map and Y is a vector field on M, then for each point p € M, we obtain
a vector F.Y), € Tp(,) N by pushing forward Y. However, this does not in general define a vector field
on N. For example, if F' is not surjective, we cannot assign a vector to point ¢ € N \ F(M). If F' is not
injective, then for some point of N there may be several different vectors obtained as pushforwards of Y’
from different points of M. Therefore, vector fields do not always push forward.

Definition 4.7. If FF: M — N is smooth and Y is a vector field on M, suppose there happens to be
a vector Z on N with the property that for each p € M, F.Y, = Zp(,). In this case, we say that the
vector fields Y and Z are F-related.

The vector field Z in the definition above represents the ”closest” vector field on IV that we can get that
is a pushforward of Y. If F' is not surjective, the vector field Z can take any value at points p € N\ F(M)
(meaning that the F-related vector field to Y is not unique). If F' is not injective, for all points a; that
map onto r € N, the pushforward of F' at each a; must agree on their output vector in T;.N. There is a
useful criterion to see if two vector fields are F-related.

Proposition 4.6. Suppose F': M — N is a smooth map, Y € T(M), and Z € T(N). Then, Y and Z
are F-related if and only if for every smooth real-valued function defined on an open subset of N,
Y(foF)=(Zf)oF

Note that for a given smooth map F' : M — N and vector field Y € T (M), there may not be any
vector field on N that is F-related to Y. However, there is one special case in which there always exists
a unique vector field.

Proposition 4.7. Suppose F : M — N is a diffeomorphism. For every Y € T (M), there is a unique
smooth vector field on N that is F-related to 'Y .
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It is quite easy to see why the proposition above is true. Since F' is a diffeomorphism (and thus a bijecti-
ion), there will be no points on N where the F-related vector field Z is undefined (due to surjectivity) and
there will be no contradictions in the values of Z (due to injectivity). Finally, F' being a diffeomorphism
will ensure smoothness of Z. .

Definition 4.8. In the case where F' : M — N is a diffeomorphism, the unique vector field F,Y
that is F-related to Y is called the pushforward of Y by F. Note that F.,Y is defined only if F is a
diffeomorphism.

4.2.2 Vector Fields on Manifolds with Boundary
4.3 Lie Brackets

We can fix this problem using the Lie bracket operator.
Definition 4.9. The operator
[ T(M) x T(M) — T(M)
is called the Lie bracket. Given two vector fields V, W on smooth manifold M, we define the [V, W] as
[V, W] : C=(M) — C=(M), [V, W]f = VWf—WVf
Lemma 4.8. The Lie bracket of any pair of smooth vector fields is a smooth vector field.
The value of the vector field [V, W] at a point p € M is the derivation at p given by the formula

VWl f =Vp(Wf) =Wy (Vf)

but the formula is of limited usefulness for practical computations. The following lemma simpliies it
greatly.

Lemma 4.9. Let V,W be smooth vector fields on a smooth manifold M, and let

9 9
V=V'—and W =WJ—
azi " 0x7
be the coordinate expressions for V. and W in terms of some smooth local coordinates (z*) for M. Then,

[V, W] hsa the following coordinate expression:

;OWY ,OVIN 0
[MW}_(V ox? -w 3xi>(9xj
or more concisely,
_ )
— i_ J
VW] = (VW) = WV) =

Proof. Since [V, W] is a smooth vector field, its values are determined locally. Thus, it suffices to compute
in a single smooth chart.

.0 Of 0 (.. 0f
VW, = Vi Wi Wi Vi
V- Wls = dx? ( I ) I ( Bxi)

OWI of o 0%f OV Of 0% f
—viZ Iy Oy Oy O
dxrt Qxd + OxtOxd oxJ Ox? OxI Oxt
OWJ Of OV Of
- Vl . VV‘7 - -
oz OQxd OxJ Ox*
where we’ve used the product rule in the first to second step and the fact that mixed partial derivatives
of a smooth function are equal in any order. |

Example 4.1. Let us define smooth vector fields V,W € T(R3) by

0 0 0

= r— — 1)—

v x8x+8y+x(y+ )82
0 0
V=5 1Y
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After some tedious calculations, we compute a total of nine separate terms to get

0 0 0
ViWl=—o-—(+ g+ 5
__ 9 9
oz Yoz

Lemma 4.10 (Properties of the Lie Bracket). The Lie bracket satisfies the following identities for all
V,W, X € T(M).

1. Bilinearity. For all a,b € R,

[aV + bW, X| = o[V, X]| + b[W, X]
X, aV + bW] = a[X, V] + b[X, W]

2. Antisymmetry.
[V,W]=-[W,V]

3. Jacobi Identity.
V. W, X]| + W, [X, V]| + [X, [V, W]]=0

4. For f,g e C>®(M),
[fV.gW] = fglV.W]+ (fVgW — (gW )V

The next proposition states the naturality of the Lie bracket. That is, F-relatedness is preserved with
the Lie bracket.

Proposition 4.11. Let F : M — N be a smooth map, and let V1,Vo € T(M) and W1, Wy € T(N) be
vector fields such that V; is F-related to W; for i =1,2. Then, [V1,Va] is F-related to [Wy, Wa].

Corollary 4.11.1. Suppose F : M — N is a diffeomorphism and Vi,Va € T(M). Then

4.4 The Lie Algebra of a Lie Group

Definition 4.10. Let G be a Lie group. Any g € G defines maps Ly, Ry : G — G, called left translation
and right translation, respectively, by

Ly(h) = gh,R4(h) = hg

Because Ly can be written as the composition of smooth maps

G- GxG -5

where i4(h) = (g, h) and m is multiplication, it follows that L is smooth. It is actually a diffeomorphism
of G since Ly—1 is a smooth inverse for it. The same goes for R,. Notice that given any two points
g1, 92 € G, there is a unique left translation of G taking g; to go. This is the translation gggfl. Many
important Lie groups follow from the fact that we can systematically map any point to any other by
such a global diffeomorphism.

Definition 4.11. A vector field X on G is said to be left-invariant if it is invariant under all left
translation, in the sense that it is Lg-related to itself for every g € G. More explicitly, this means that

(Lyg)+ Xy = Xgg forall g,¢' € G
Furthermore, because

(Lg)«(aX +0Y) = a(Ly) X + b(Lg).Y

the set of all smooth left-invariant vector fields on G is a linear subspace of T(M). Even further, it is a
Lie algebra, which will be defined shortly.
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Lemma 4.12. Let G be a Lie group, and suppose X and Y are smooth left-invariant vector fields on G.
Then [X,Y] is left-invariant.

Proof. Since (Ly)+«X = X and (L,).Y =Y by definition of left-invariance, it follows that

(Lg)+[X, Y] = [(Lg) X, (Lg) Y] = [X,Y]
meaning that [X,Y] is Ly-related to itself. |

Definition 4.12. A Lie algebra is a real vector space g endowed with a map called the bracket from
gx g — g, usually denoted by (X,Y) — [X,Y], that satisfies the following properties for all X,Y, Z € g.

1. Bilinearity. For all a,b € R,

[aV + bW, X| = a]V, X] + bW, X]
[X,aV +0W] = a[X, V] + b[X, W]
2. Antisymmetry.
[V,W]=—-[W,V]

3. Jacobi Identity.
VW, X]] + W, [X, V]| + [X, [V, W] = 0

Notice that the Jacobi identity is a substitute for associativity, which does not hold in general for brackets
in a Lie algebra.

Definition 4.13. If g is a Lie algebra, a linear subspace h C g is called a Lie subalgebra of g if it is
closed under brackets. In other words, b is itself a Lie algebra under the restriction of the bracket to b.

Definition 4.14. If g and h are Lie algebras, a linear map

A:g—b

if if preserves brackets. That is, if

A[X,Y] = [AX, AY]

An invertible Lie algebra homomorphism is called a Lie algebra isomorphism. Two Lie algebra with an
isomorphism between them are said to be isomorphic Lie algebras.

Example 4.2. The space T (M) of all smooth vector fields on a smooth manifold M is a Lie algebra
under the Lie bracket.

Example 4.3. Any vector space V' becomes a Lie algebra if we define all brackets to be 0. Such a Lie
algebra is said to be abelian, because the underlying product - in the commutator [A,B] = A-B—-B- A
18 commautative.

Example 4.4. If V is a vector space, the linear space of endomorphisms of V', denoted gl(V'), becomes
a Lie algebra with the commutator bracket

[A, B]lx = A(Bx) — B(Ax)

This can be represented using matrices, making the set of all n X n matrices with the commutator defined
[A, Bl = AB — BA also a Lie algebra.

Definition 4.15. If G is a Lie group, the set of all smooth left-invariant vector fields on G is a Lie
subalgebra of T(G) and it therefore a Lie algebra. This Lie algebra is denoted Lie(G).

Note that we have already proved that the set of smooth left-invariant vector fields on G is closed under
the Lie bracket.

Theorem 4.13. Let G be a Lie group. The evaluation map
¢ :Lie(G) — T.G, ¢(X)=X.

where e is the identity element of G, is a vector space isomorphism. Thus, Lie(G) is finite dimensional,
with dimension equal to dim G.
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Proof. Will be done. |

Note also that the preceding proof shows that the assumption of smoothness in the definition of Lie(G)
is unnecessary.

Corollary 4.13.1. Every left-invariant rough vector field on a Lie group is smooth.

Proposition 4.14 (Lie algebra of the General Linear Group). The composition of the natural maps
Lie (GL(n, R)) — T1, GL(n,R) — gl(n,R)

gives a Lie algebra isomorphism between Lie (GL(n,R)) and the matriz algebra gl(n,R).

4.4.1 Induced Lie Algebra Homomorphisms
It can be seen that each Lie group homomorphism induces a Lie algebra homomorphism.

Theorem 4.15. Let G and H be Lie groups, and let g and b be their Lie algebras. Suppose F: G — H
is a Lie group homomorphism. For every X € g, there is a unique vector field b that is F-related to X .
With this vector field, denoted F,. X, the map Fy : g — b so defined is a Lie algebra homomorphism.

Lemma 4.16 (Properties of the Induced Homomorphism). 1. The homomorphism (Idg). : Lie(G) —
Lie(G) induced by the identity map of G is the identity of Lie(G).

2. If i :G— H and F; : H — K are Lie group homomorphisms, then (Fyo Fy), = (Fy),0(F}), :
Lie(G) — Lie(Q).

3. Isomorphic Lie groups have isomorphic Lie algebras.

5 Vector (Fiber) Bundles

We have already seen that the tangent bundle of a smooth manifold has a natural structure as a smooth
manifold in its own right. The standard coordinates on T'M make it look, locally, like M x R™. This
kind of structure arises frequently. That is, a collection of vector spaces (one for each point in M) glued
together so that it looks locally liked the Cartesian product of M with R™, but globally it may not be.
This is called the vector bundle. Note that a tangent bundle is one type of vector bundle.

Definition 5.1. Let M be a topological space. A (real) vector bundle of rank k over M is a topological
space F together with a surjective continuous map 7 : B — M satisfying:

1. For each p € M, the set E, = 7~ !(p) C E (called the fiber of E over p) is endowed with the
structure of a k-dimensional real vector space.

2. For each p € M, there exists a neighborhood U of p in M and a homeomorphism ® : 7= 1(U) —
U x R¥ (called a local trivilization of E over U), such that the following diagram commutes:

1 (U) —2= U x R*
U /

where 71 is the projection onto the first factor. Furthermore, for each g € U, the restriction of ®
to E, is a linear isomorphism from E, to {g} x R¥ ~ R*.

Note that E is not the same space as M x R¥, but rather every two tuple in M x R¥ can be associated
with every element in F through the surjective map 7 (unless F is a trivial bundle).

Definition 5.2. If M and E are smooth manifolds, 7 is a smooth projection map, and the local
trivializations can be chosen to be diffeomorphisms, then E is called a smooth vector bundle. In this case,
we will call any local trivialization that is a diffeomorphism onto its image a smooth local trivialization.
The space F is called the total space of the bundle, M called its base, and 7 called its projection. Also,
if U C M is any open set, it is easy to verify that the subset E|y = 7~1(U) is again a vector bundle
with the restriction of 7 as its projection map, called the restriction of E to U.
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A rank-1 vector bundle is often called a line bundle. Complex bundles are also defined with vector space
over C.

Definition 5.3. If there exists a local trivialization over all of M (called a global trivialization of E),
then E is said to be a trivial bundle. In this case, E itself if homeomorphic to the product space M x R¥.
If E — M is a smooth bundle that admits a smooth global trivialization, then we say that F is smoothly
trivial (in this case, E is diffeomorphic to M x R¥, not just homeomorphic).

Example 5.1 (Trivial Bundle). Let E = M x R¥, and let 7 = w1 : M x R¥ — M be the projection
onto the first factor. Then E is a fiber bundle of R* over M. Here E is not just locally a product but
globally one. Every trivial bundle is of this form, with the identity map as a global trivialization. If M
is a smooth manifold, then M x RF is smoothly trivial.

Example 5.2 (The Cylinder as a Trivial Bundle). Let E be a cylinder, i.e. a cylindrical surface. We
remind the reader that E stretches infinitely long, and that it is "hollow.” Then the I1-sphere, denoted
S, is the base space, and R is the fiber. Geometrically, we can think of S' to be the base of the cylinder,
while an infinite number of real lines orthogonally intersect S* at one point to cover E. We can then
define a map S' x R — E to be

(0,2) — (cos@,sinb, z)

The standard fiber F' is R, but we most note that there are an infinite number of copies of R passing
through each point in E. So given points p,q € F, the specific fibers associated with p and ¢ are different
Rs. We can think of this fiber R as the collection of all real lines that fill the surface of cylinder E.
Note that we could have very well just chosen R to be the base space and S! to be the fiber. The base
space would then be unbounded, but this doesn’t pose as a problem.

Furthermore, in the example shown before, the map B x F' — E doesn’t have to be so simple as

(2,0) — (cosf,sin b, z)

In this mapping, all of the R passing through each point is paramaterized the same, since the same value
of z gives the same heights everywhere. However, for the more complex paramaterization

(0,2) —> (cos@,sin b, (2 + sin6)z)

the paramaterizations in each R are different for every point § € S'. So, the same value of z will not give
you the same height everywhere. However, note that while all of these R are paramaterized differently,
every single R are diffeomorphic since, once picking all of them to have the same paramaterization, we
can identify the identity mapping as a diffeomorphism between all of them.

Usually,we deal with nontrivial bundles that have a cover of open sets. Here is an example.

Example 5.3 (Mobius Bundle). Let I = [0,1] C R be the unit interval, and let p : I — S* be the
quotient map p(x) = e*™  which identifies the two endpoints of I. Consider the "infinite strip” I x R,
and let m : I xR — I be the projection on the first factor. Let ~ be the equivalence relation on I xR that
identifies each point (0,y) in the fiber over 0 with the point (1, —y) in the fiber over 1. Geometrically,
we are half-twisting the right hand side of the strip and gluing it into the left-hand edge. The resulting
quotient space is E = (I x R)/ ~, with ¢ : I x R — E the quotient map.

Because pory is constant on each equivalence class, it descends to a continuous map pom, =7 : E — ST,
THis makes E into a smooth real line bundle over S*.

Proposition 5.1 (The Tangent Bundle as a Vector Bundle). Let M be a smooth n-manifold and let
TM be its tangent bundle. With its standard projection map, its natural vector space structure on each
fiber, and the smooth manifold structure, TM is a smooth vector bundle of rank n over M.

Proof. Given any smooth chart (U, ¢) for M with coordinate functions (), we define the map & :

71 (U) — U x R" by
i 0 — 1,2 n
(I)<U 85{‘ p) = (p7 (U y Uy ey U ))

This is obviously linear on fibers and satisfies w o ® = 7. The composite map

YUY S U xR 2 L) x R”

Since both ¢ and ¢ x Idg~ are diffeomorphisms, ® is also a diffeomorphism, satisfying all the conditions
of a local trivialization. |
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We still have to deal with overlaps between trivializing neighborhoods. The next lemma introduces
transition functions between different representations of a fiber.

Lemma 5.2 (Overlaps between Trivializing Neighborhoods). Let w : E — M be a smooth vector bundle,
and suppose ® : 1= H(U) — U xR* and ¥ : 771(V) — U x R¥ be two smooth local trivializations of E
such that UNV # 0. Then, there exists a smooth map 7 : UNV — GL(k,R) such that the composition
oVl (UNV) xR — (UNV) x R* has the form

B o0 (p,0) = (p, 7(p)v)

where T(p)v denotes the usual action of the k x k matriz 7(p) on the vector v € R¥. Furthermore, ®o W1
is a diffeomorphism. We can represent this consistency by the following commutative diagram.

(UNV)xRF ¢—— 7L (UNV) —2= (UNV) x RF
Unv

Definition 5.4. The smooth map 7: U NV — GL(k,R) is called the transition function between the
local trivializations ® and V. For example, if M is a smooth manifold and ®, ¥ are the local trivializations
of TM associated with two different smooth charts, then the transition functions between them is jsut
the Jacobian matrix of the coordinate transition map.

In order to make a vector bundle into a smooth one, we would need to construct a manifold topology and a
smooth structure on the disjoint union of all the vector spaces, and then construct the local trivializations
and show that they have the requisite properties. The following lemma provides a shortcut by showing
that it is sufficient to construct the local trivializations, as long as they overlap with smooth transition
functions.

Lemma 5.3 (Vector Bundle Construction Lemma). Let M be a smooth manifold and suppose that we
are given for each p € M, a real vector space E, of some fized dimension k. Furthermore, let

EEUEP

peEM

and let m : E — M be the map that takes each element of E, to point p. Suppose furthermore that we
are given

1. an open cover {Uy}taca of M.

2. for each a € A, a bijective map ®,, : 7~ 1(U,) — U, x R* whose restriction to each E, is a linear
isomorphism from E, to {p} x R¥ ~RF.

3. for each o, B € A such that U, NUg # 0, a smooth map 7ap : Uy NUg — GL(k,R) such that the
composite map P, o @El from (Ua NUg)) x R¥ to itself has the form

D, 0 @5 (p,v) = (p, Tap(p)v)

Then, E has a unique smooth manifold structure making it into a smooth vector bundle of rank k over
M, with ™ as projection and the maps ®,, as smooth local trivializations.

5.1 Categories and Functors

We summarize the basic definitions of category theory, which provides a convenient and powerful language
for talking about many mathematical structures.

Definition 5.5. A category C consists of three things:
1. a class of objects

2. for each pair X,Y of objects a set Homg(X,Y') whose elements are called morphisms
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3.

for each triple X, Y, Z of objects a map called composition
Homg(X,Y) x Home (Y, Z) — Home (X, Z)

written (f,g) — go f

The morphisms are also required to satisfy the following properties:

1.
2.

Associativity: (fog)oh= fo(goh)

Existence of Identities: For each object X in C, there exists an identity morphism Idx € Homg (X, X)
satisfying
Idyof:f:fOIdX

for all f € Hom¢(X,Y)

Definition 5.6. A morphism f € Homc(X,Y) is called an isomorphism in C if there exists a morphism
g € Homc(Y, X) such that fog=1Idy and go f = Idx.

Example 5.4 (Categories). When working with categories, the objects are sets with some extra structure,
the morphisms are maps that preserve that structure, and the composition laws and identity morphisms
are the obvious ones. Some common examples are:

1.
2
3
4
5.
6
7.
8
9

10.

11.

SET: Sets and maps

. TOP: Topological spaces and continuous maps.
. TM: Topological manifolds and continuous maps.

. SM: Smooth manifolds and smooth maps.

VB: Smooth vector bundles and smooth bundle maps.

. VECTg: Real vector spaces and real-linear maps.

VECTc: Complex vector spaces and complex-linear maps.

. GROUP: Groups and group homomorphisms.

. AB: Abelian groups and group homomorphisms.

LIE: Lie group and Lie group homomorphisms.

lie: Lie algebras and Lie algebra homomorphisms.

We use the word class instead of set for the collection of objects in a category is that some categories
are "too large” to be considered sets. For example, in the category SET, the class of objects is the class
of all sets. Any attempt to treat this class as a set in its own right leads to the Russell paradox of set
theory.

Relations among morphisms are often depicted using commutative diagrams.

Definition 5.7. Morphisms can have any of the following properties. A morphism f: X — Y is a

1.
2.
3.
4

monomorphism (or monic) if f o g1 = f o go implies g = g2 for all morphisms g1,¢92 : Z7 — X.
epimorphism (or epic) if g1 o f = go o f implies g1 = g5 for all morphisms g1,¢92: Y — Z.

bimorphism if f is both monic and epic.

. isomorphism if (defined above).

endomorphism if X =Y. End(X) denotes the class of endomorphisms of X.

automorphism if f is both an endomorphism and an isomorphism. Aut(X) denotes the class of
automorphisms of X.

retraction if a right inverse of f exists, i.e. if there exists a morphism g : ¥ — X such that
f o0g = Idy
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8. section if a left inverse of f exists, i.e. if there exists a morphism g : Y — X such that go f = Idx.

Theorem 5.4. FEwvery retraction is an epimorphism. FEvery section is a monomorphism. Furthermore,
the following three statements are equivalent

1. f is a monomorphism and a retraction.
2. f is a epimorphism and a section.
3. f is an isomorphism.

Definition 5.8. If C and D are categories, a covariant functor from C to D is a rule F that assigns
each object X in C to an object F(X) in D, and to each morphism f € Homc(X,Y) to a morphism
F(f) € Homp (F(X), F(Y)), so that identities and composition are preserved.

F(ldx) = Idr(x),F(goh) = F(g) o F(h)
There are also functors that reverse morphisms.

Definition 5.9. A contravariant functor F from C to D assigns to each object X in C an object F(X)
in D, and to each morphism g € Homg(X,Y) a morphism F(g) € Homp (F(Y), F(X)), such that

F(ldx) = Idr(x),F(goh) = F(g) o F(h)

If the functor is understood, it is common for the morphism induced by a covariant functor to be denoted
by g. (instead of F(g)) and that induced by a contravariant functor by g*.

Definition 5.10. A covariant functor from any category to itself is the identity functor, which takes
each object and each morphism to itself.

Definition 5.11. If C is a category whose objects are sets with some additional structure and whose
morphisms are maps preserving that structure (all categories listed in the example except for the first
one), the forgetful functor F : C — SET assisns to each object its underlying set and to each morphism
the same map thought of as a map between sets.

Some more interesting functors arise in the following examples.

Example 5.5. The assignment G — Lie(G), F — F, is a covariant functor from LIE (category of Lie
groups) to lie (category of Lie algebras). Note that every object G in LIE gets mapped to object Lie(G)
in lie, and every morphism F gets mapped to morphism F.

Example 5.6. If we define TOP, to be the category whose objects are pointed topological spaces (topo-
logical spaces with a choice of base point in each), and whose morphisms are continuous maps taking base
points to base points, then the fundamental group is a covariant functor from TOP, to GROUP.

Definition 5.12. The tangent functor is a covariant functor from the category SM of smooth manifolds
to the category VB of smooth vector bundles. TO each smooth manifold M is assigns the tangent bundle
TM — M, and to each smooth map F': M — N, it assigns the pushforward F, : TM — TN.

Definition 5.13. If F' and G are covariant functors between the categories C and D, then a natural
transformation n from F to G associates to every object X in C a morphism 7y : F(X) — G(X) in
D such that for every morphism f : X — Y in C, we have ny o F(f) = G(f) o nx, meaning that the
following diagram is commutative.

Fx) 29 py)
ax) Y% qy)

The two functors F' and G are called naturally isomorphic if there exists a natural transformation from
F to G such that nx is an isomorphism for every object X in C.
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6 The Cotangent Bundle

Whereas tangent vectors give us a coordinate free interpretation of derivatives of curves, it turns out that
derivatives of real-valued functions on a manifold are most naturally interpreted as tangent covectors.
Thus, we will define the differential of a real-valued function as a covector field, similar to a coordinate-
independent analogue of the classical gradient.

We will assume that the reader is familiar with the concepts of the dual space and its respective dual
basis. Recall the following.

Proposition 6.1. The dual map satisfies the following properties
1. (Ao B)* =B*o A*
2. (Idy)* : V* — V* is the identity map of V*.
The dual map has a nice interpretation within the context of category theory.

Corollary 6.1.1. The assignment that sends a vector space to its dual space and a linear map to its
dual map is a contravariant functor from the category of real vector spaces to itself.

6.1 Tangent Covectors on Manifolds

Definition 6.1. Let M be a smooth manifold. For p € M, we define the cotangent space at p, denoted
by Ty M, to be the dual space to T),M.
oM = (T,M)"

Elements of T, M are called tangent covectors at p, or just covectors at p. That is, if w € Ty M, then
w:T,M — R

If (x%) are smooth local coordinate on an open subset U C M, then for each p € U, the coordinate basis
(8/0x"|,) of T, M induces the dual basis of Ty M, denoted (A’|,). Therefore, any covector w € Ty M can
be written uniquely as

)

Suppose that (#7) is another set of smooth coordinates whose domain contains p and let (5\] ’p) denote

0
ozt

w= wi)\i‘p, where w; = w(
6.1.1 Basis Transformations

the basis for Ty M dual to (8/ oz’ fp). We can compute the components of the same covector w with
respect to the new coordinate system as follows. First, note that coordinate vector fields transform as
follows:

0
ozt

_ 0
S oa oz

P
Writing w with respect to both bases

w = OJZ‘)\Z‘ = C:}j)\]‘
p p

we can compute the components w; in terms of wj.

wimwo 2] (P 2| ) = 27 s,
P\ oat|)) TN\ oar oz | ) T aat

Definition 6.2. Covariant vectors transform in the same way as coordinate partial derivatives. Given
a vector V in coordinates with respect to basis vectors (z') and V in coordinates with respect to basis
vectors (Z'), we have

i _ 077 _ j

ox?
where the indices of Z/ cancel out with the upper term of the derivative meaning that if 27 is doubled,
then the derivative is doubled and so z* is doubled. Contravariant vectors transform in the opposite way.

- oI
e
v oxt
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where the indices of V* cancel out with the lower term of the derivative, meaning that if V% is doubled,
then the derivative is halved and so V7 is halved.

Proposition 6.2. It is useful to note the following:
1. Basis vectors of V', by definition, transform covariantly.
2. Coefficients of vectors in V' transform contravariantly.
3. Basis covectors of V* transform contravariantly.
4. Coefficients of covectors of V* transform covariantly.

Note that the use of the terms covariant and contravariant has nothing to do with the covariant and
contravariant functors of category theory!

6.2 The Cotangent Bundle

Definition 6.3. Given smooth manifold M, the disjoint union

M= | | T;M
pEM

is called the cotangent bundle of M. It has a natural projection map 7 : T*M — M sending w € T; M

to p € M. In addition, given any smooth local coordinates (z*) on U C M, for each p € U we denote the
basis for Ty M dual to (9/9x"|,) by (A|,). This defines n maps A!, ..., A" : U — T*M, called coordinate
covector fields.

As expected, T*M can be naturally turned into a vector bundle over M.

Proposition 6.3. Let M be a smooth manifold and let T*M be its cotangent bundle. With its standard
projectoin map and the natural vector space structure on each fiber, T*M has a unique smooth manifold
structure making it into a rank-n vector bundle over M for which all coordinate covector fields are smooth
local sections.

Smooth local coordinates for M induces smooth local coordinates for its cotangent space, which in turn
induces local coordinates for its cotangent bundle. That is, if (2*) are smooth coordinates on an open
set U C M, the map from 7~(U) to R?" given by

Ci)\i|p — (xl(p), ey (D), Cay oy Cn)

is a smooth coordinate chart for T* M, called the standard coordinates for T*M associated with (z*).

Definition 6.4. A section of T*M is called a covector field, or a differential 1-form. The value of a
covector field w at a point p € M is denoted w, (since writing w(p) is used to denote the action of a
covector on a vector).

Definition 6.5. In any smooth local coordinates on an open set U C M, a covector field w can be
written in terms of the coordinate covector fields (A") as w = w;A; for n functions w; : U — R, called
the component functions of w. They are characterized by

p>

0
Similarly for vector fields, there are several ways to check for smoothness of a covector field.

wi(p) = wp (63:’

Lemma 6.4 (Smoothness Criteria for Covector Fields). Let M be a smooth manifold, and let w : M —
T*M be a rough section.

1. If w = w;\' is the coordinate representation for w in any smooth chart (U, (x’)) for M, then w is
smooth on U if and only if its component functions w; are smooth.

2. w is smooth if and only if for every smooth vector field X on an open subset U C M, the function
(w, X) : U — R defined by
(w, X)(p) = (wp, Xp) = wp(Xp)

is smooth.
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6.3 The Differential of a Function

In elementary calculus, the gradient of a smooth real valued function f on R" is defined as the vector
field whose components are the partial derivatives of f. In our notation, this would read

n a a
gradf = Z azfi ox?

i=1

However, the gradient does not make coordinate independent sense. In general, although the first partial
derivatives of a smooth function cannot be interpreted in a coordinate independent way as the components
of a vector field, it turns out that they can be interpreted as the components of a covector field. This is
the most important application of covector fields.

Definition 6.6. The covector field of f, or the differential of f, denoted df is defined
dfp(Xp) = X, f for X, € T,M

In general, given a vector field existing on a manifold M, applying the covector field df to it would give
a scalar field on M. The definition above says that this application of the covector field df to vector field
X is merely just applying the function f itself to all points in X, outputting a scalar field.

This intuition along with the following theorem leads to an alternate definition of the cotangent space.

Theorem 6.5. Ty M is isomorphic to C*°(M)/ ~, where ~ is the equivalence relation between curves
that pass through point p € M in the same direction with the same speed. The direction of the curves
in an equivalence class determines the direction of the cotangent vector and the paramaterization of the
curve determines its magnitude.

Definition 6.7. The vector space
{(df)p | f e C=(M)}

is called the cotangent space at p € M.
Lemma 6.6. The differential of a smooth function is a smooth covector field.

To see what df looks like more concretely, let us compute its coordinate representation. Let (z°) be
smooth coordinates on an open subset U C M and let (A*) be the corresponding coordinates. Then, the
coordinate representation of df is

of

dfp = ox?

But by letting f = 27 : U — R, we find that

(p)A'|

p

oz’

da’ ’p ~ o

=6IN [, = V],

meaning that A/ is dz7! Therefore, the formula for the coordinate representation of df can be rewritten

as
_of i _of i
dﬁ,—-axi@ﬂdx|p — df—-amidm
which is called the total differential of f.
Example 6.1. If f(x,y) = 2%y cosx on R?, then
df — d(x2y cos x)dx n d(x?y cos x)dy
ox oy

= (2zycosz — z2ysinz)dx + 22 cos zdy
Proposition 6.7 (Properties of the Differential). let M be a smooth manifold, and let f,g € C(M).
1. For any a,b € R, we have d(af 4+ bg) = adf + bdg.
2. d(fg) = fdg+gdf
3. d(f/g) = (gdf — fdg)/g* on the set where g # 0.
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4. If J C R is an interval containing the image of f, and h : J — R is a smooth function, then

d(ho f)=(h o f)df.
5. f is constant = df =0

Clearly, if f is a smooth real-valued function on a smooth manifold M, then df = 0 if and only if f is
constant on each component of M.

Proposition 6.8 (Derivative of a Function along a Curve). Suppose M is a smooth manifold, v : J —
M is a smooth curve, and f : M — R is a smooth function, then the derivative of real valued function
fovy:R— R s

(f o) (t) = dfs (v'(1))

Proof. For any tg € J,

df(10) (V' (t0)) = (to) f
d
(ot

d
it to(fOV)

= (f o) (to)

)f
to

So far, we have defined two types of derivatives for a smooth real valued function f : M — R at a point
p € M. The first is the pushforward f. as a linear map from T, M to T,)R. Later, we have defined
the differential df,, a a covector at p, which is just a linear map from T, M to R. But the canonical
isomorphism between R and its tangent space at any point leads to these two interpretations of the
derivative being exactly the same.

Similarly, if v is a smooth curve in M, we have two different meanings for the expression (f o) (¢).

1. f o~ can be interpreted as a smooth curve in R, and thus (f o«)’(¢) is its tangent vector at the
point (f oy)(t) € R, i.e. an element of the tangent space T{ o~ (1)R.

2. Or, fo~ can be considered as an ordinary function from R to R, with (fo~)’ being just its ordinary
derivative.

Either one of these two interpretations are equally correct since the derivative shown in 2 is equal to the
real number df., ;) (7/(t)).

6.4 Pullbacks

We know that a smooth map yields a linear map on the tangent vectors called the pushforward. Dualizing
this leads to a linear map on covectors going in the opposite direction.

Definition 6.8. Let F': M — N be a smooth map, and let p € M be arbitrary. The pushforward map
F,: TPM — TF(p)N

yields a dual linear map

called the pullback associated with F'. More simply, we rewrite the above as
We can see that F™* is defined by
(F*w)(X) = w(F.X) for w € T;i(p)N,X e TL,M

Note that (F*w)(X) is a scalar field on M (since F*w is a covector field on M and X is a vector field
on M).
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We have noted that pushforwards do not always work on vector fields, but smooth covector fields always
pull back to smooth covector fields. That is, given a smooth map G : M — N and a smooth covector
field w on N, we can define a covector field G*w on M by

(G"w)(p) = G (wap)
Notice that there is no ambiguity about what point to pull back from.
Lemma 6.9. Let G: M — N be a smooth map, and let f € C*°(N) and w € T*(N). Then
G*df =d(f o Q)
G*(fw) = (fo G)G*w

Proposition 6.10. Suppose G : M — N is smooth, and let w be a smooth covector field on N. Then
G*w is a smooth covector field on M.

The formula for the pullback of a covector field with respect to smooth coordinates (z°) on the domain
and (y7) on the range is

G = G*(wydy’) = () 0 Q)d(y 0 G) = (w; 0 G)dG

where G is the jth component function of G in these coordinates. This makes the computation of
pullbacks in coordinates very simple.

Example 6.2. Let G : R? — R? be the map given by
(u,v) = G(z,y,2) = (z%y,ysin 2)
and let w € T*(R?) be the covector field
w=udv+vdu
Then, the pullback G*w is given by

G'w=(uoG)dWwoG)+ (voG)d(uoG)
= (z%y)d(ysin z) + (ysin 2)d(zy)
= 2%y(sin zdy + y cos 2dz) + ysin z(2zydz + x2dy)

= 2zy? sin zdx + 222y sin zdy + 2%y? cos zdz

6.5 Line Integrals

We would like to make a coordinate independent sense of the line integral.

Definition 6.9. Let [a,b] C R be a compact interval, and let w be a smooth covector field on [a, b] (note
that at the endpoints, smoothness of w means that w admits a smooth extension of to some neighborhood
of [a, b]). Letting ¢ denote the one standard coordinate in R, then we can write w in terms of ¢ coordinates
as

wy = f(t)dt

for some smooth f : [a,b] — R. Then, the integral of w over [a, b] is defined

This definition gives rise to the following property of the line integral.

Proposition 6.11 (Diffeomorphism Invariance of the Integral). Let w be a smooth covector field on
the compact interval [a,b] C R. If ¢ : [e,d] — [a,b] is an increasing diffeomorphism (meaning that

t1 <ty = @(t1) < p(t2)), then
Lo Ly
[e,d] [a,b]
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Proof. Let t denote the standard coordinate on [a,b] and s denote that of [¢,d]. Then the formula for
the pullback of the covector field, in coordinate expression, is

(" )w)s = f(0(5))¢' (s) ds

/[C’d] @*w/Cdf(so(S))so’(S)ds/abf(t)dt/[a’b]w

by the change of variables formula for ordinary integrals. ]

meaning that

Definition 6.10. Let M be a smooth manifold. A curve segment in M is a continuous curve v : [a, b] —
M whose domain is a compact interval. It is a smooth curve segment if it has a smooth extension to
an open interval containing [a,b]. A piecewise smooth curve segment is a curve segment v : [a,b] — M
with the property that there exists a finite partition of [a, ] such that the image of each partition is
smooth.

Now we can define line integrals over smooth covector fields on an arbitrary manifold M.

Definition 6.11. If v : [a,b] — M is a smooth curve segment and w is a smooth covector field on M,
the line integral of w over ~y is defined to be the real number

/wz/ Y w
Y [avb]

More generally, if « is piecewise smooth (with partitions [a;—1, a;] for i = 1, ..., k), then we define

k
/w = Z/ Y*w
v i—1 7 lai—1,a:]

Note that this definition now gives rigorous meaning to classical line integrals such as
/ Pdx+ Qdy
~

in R2 or
/de+Qdy+Rdz
¥

Proposition 6.12 (Properties of Line Integrals). Let M be a smooth manifold. Suppose 7y : [a,b] — M
is a piecewise smooth curve segment and w,wy,ws € T*(M).

/(C1w1+02wz) :61/w1 +02/w2
Yy vy vy
/sz
W

Jeo=f o] e
ol 71 72

The next lemma gives a useful alternative expression for the line integral of a covector field on a manifold.
This is good for computations.

1. For any c1,co € R,

2. If v is a constant map, then

for all w.

3. Ifa<c<b, then

where y1 = 7|[a,c] and y3 =y (el

Lemma 6.13. If v : [a,b] — M is a piecewise smooth curve segment, the line integral of w over vy can
also be expressed as the ordinary integral

[o= [ et
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Example 6.3. Let M = R?\ {0}, and let w be the covector field on M given by

rdy —ydx
w=s ——2 -
1'2 + y2
and let v : [0,27] — M be the curve segment defined
7(t) = (cost,sint

Since v*w can be computed by substituting x = cost and y = sint everywhere in the formula for w, we

get
t(costdt) — sint(—sint dt I
/w:/ cos (cos.2) sm2( sin ):/ gt = 9
~ [0,27] sin“t + cos= ¢t 0

Another important property of line integrals is invariance under reparamaterizations.

Definition 6.12. Let v : [a,b] — M and 7 : [¢,d] — M be smooth curve segments. If ¥ =~ o ¢ for
some diffeomorphism ¢ : [¢,d] — [a, b], then it is said that ¥ is a reparamaterization of ~.

If ¢ is an increasing function, then ¥ is a forward paramaterization, and if ¢ is decreasing, then 7 is a
backward paramaterization.

Proposition 6.14. Let M be a smooth manifold, w a smooth covector field on M, and v a piecewise
smooth curve segment in M. For any reparamaterization 7y of v, we have

/ fﬂ{w, 7 is a forward paramaterization
w =
5 — f7 w, 7 1s a backward paramaterization

Proof. This is a direct result of the diffeomorphism invariance property of the integral. |
There is one special case in which a line integral is trivial to compute: the line integral of a differential.

Theorem 6.15 (Fundamental Theorem of Line Integrals). Let M be a smooth manifold. Let f is a
smooth real-valued function on M and let 7 : [a,b] — M be a piecewise smooth curve segment in M.

Then
[ ar= [ $Last = 1(50) - 16(@)

Proof. Suppose that v is smooth. Then,

b b
[ = [ dto@r@)a= [ (torr@a=sor® - ron

This naturally extends to piecewise smooth functions, since then the right hand side will be a telescoping
sum in which the middle terms cancel out. ]

6.6 Conservative Covector Fields

The fundamental theorem of line integrals shows that if a covector field w can be written as the differential
of a smooth function, then the line integral can be computed extremely easily once the smooth function
is known. We formally define this kind of vector field.

Definition 6.13. A smooth covector field w on manifold M is exact (or an ezxact differential) on M if
there exists a function f € C°°(M) such that w = df. The function f is called the potential for w.

Note that the potential of an exact smooth covector field is not uniquely determined, but the differ-
ence between any two potentials must be constant. We now define a similar construction called the
conservative covector field.

Definition 6.14. A smooth covector field w is conservative if the line integral of w over any closed
piecewise smooth curve segment is 0.

It is easy to understand the following lemma given the definition of conservative covector fields.
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Lemma 6.16. A smooth covector field w is conservative if and only if the line integral of w depends on
the endpoints of the curve. That is,
f= ]«
Y ¥

if v and v are piecewise smooth curve segment swith the same starting and ending points.
This leads to the equivalence of exact and conservative vector fields.

Theorem 6.17. A smooth covector field is conservative if and only if it is exact.

7 Submersions, Immersions, and Embeddings

Because the pushforward represents the ”best linear approximation” to the map near a given point, we
can learn a great deal about the map itself by studying linear-algebraic properties of its pushforward at
each point. The most important property is the rank of the pushforward.

7.1 Maps of Constant Rank
Definition 7.1. If F': M — N is a smooth map, the rank of F' at p € M is the rank of the linear map

F,: TpM — TF(p)M

In an abstract sense, it is the dimension of the image of Fi in Tr,) M. Given any charts in the neigh-
borhoods of p and F(p), the rank of F at p is the rank of the matrix of partial derivatives of F'.

Note that the rank does not depend on the choice of basis for our chart mappings.

Definition 7.2. If F' : M — N has the same rank k at every point, then we can say that F' has

constant rank. That is,
rank FF = k

Definition 7.3. A smooth map F': M — N is called a submersion if F, is surjective at each point, or
equivalently, rank F' = dim N.

Definition 7.4. A smooth map F': M — N is called an immersion if F is injective at each point, or
equivalently, rank F' = dim M.

We can imagine submersions and immersions behaving locally like surjective and injective linear maps,
respectively.

Definition 7.5. A smooth embedding is an immersion F' : M — N that is also a topological embedding
(i.e. a homeomorphism onto its image F' (M) C N in the subspace topology).

7.2 The Inverse Function Theorem

Definition 7.6. Let X be a metric space. A map G : X — X is said to be a contraction if there
is a constant A < 1 such that d(G(z),G(y)) < Ad(z,y) for all z,y € X. Clearly, any contraction is
continuous.

Theorem 7.1 (Inverse Function Theorem on Euclidean Space). Suppose U and V' are open subsets in
R™, and F : U — V is a smooth map. If DF(p) is nonsingular at some point p € U, then there exists
connected neighborhoods Uy C U of p and Vo CV of F(p) such that

Fl, U — Vo

is a diffeomorphism.

8 Tensors

We will always assume that the base field of every vector space mentioned is R.
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8.1 The Algebra of Tensors

We will assume that the reader is already familiar with the notion of tensors both as multilinear maps
and as the abstract tensor product of vector spaces. There will be slight changes in notation compared
to the descriptions of tensors in previous chapters.

Definition 8.1. A covariant k-tensor is an element of
THV) = Q) V*
k
which is just a multilinear map from the Cartesian product of V’s to R. A contravariant [-tensor is an

element of
L(V)=QV
l

Generally, for any nonnegative integers k, [, the space of mized tensors of type (k,l) is defined as
THY) = @V e @V
k 1

which is really the space of real-valued multilinear functions of k£ vectors and [ covectors.

Strictly speaking, the 7%(V) and the space of all covariant tensors are not the same, but rather naturally
isomorphic to each other. However, we will treat them as the same thing.

Example 8.1 (Covariant Tensors). 1. Ewvery linear map w : V. — R is multilinear. It is a covariant
1-tensor.

2. An inner product on V' is a covariant 2-tensor, since by definition an inner product is bilinear.
3. The determinant, thought of as a function of n vectors (columns of a matriz) is a covariant n-tensor
of R™.
4. Suppose w,n € V*. We define a mapw®@n:V xV — R as
wen(X,Y)=wX)n)

where the product on the right is ordinary multiplication of real numbers. The linearity of w and n
guarantees that w ® 0 is a bilinear function of X and Y.

We will now provide another abstract construction of a tensor product space.

Definition 8.2. Let S be a set. A finite formal linear combination is a function F : S — R such that
F(s) =0 for all but finitely many s € S.

Definition 8.3. Let S be a set. The free vector space on S, denoted R(S), is the set of all finite
formal linear combination of elements of S with real coefficients. Under pointwise addition and scalar
multiplication, R(S) becomes a real vector space.

Identifying each element x € S with the function that takes the value 1 on x and 0 on all other elements
of S, any element F € R(R) can be written uniquely as a linear combination of these functions as the
basis. This means that R(S) is finite dimensional if and only if S is a finite set.

Now, we construct the tensor product space in a more abstract way.

Definition 8.4. Let V, W be finite-dimensional real vector spaces, and let R be the subspace of the free
vector space R(V x W) spanned by all elements of the form

a(v,w) — (av,w),
a(v,w) — (v, aw),
(v,w) + (v, w) — (v+v,w)
(v,w) + (v,w") — (v,w +w")

for a € R,v,v' € V, and w,w’ € W. The tensor product of V-and W, denoted by V @ W, is the quotient
space
R(V x W)

R

The equivalence class of an element (v, w) in V ® W is denoted by v ® w.

VeoW=
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Proposition 8.1 (Bilinearity of the Tensor Product). The construction of the tensor product implies

a(v@w) =av @ w = v aw
vR@w+v Qw=(v+v)Qw
vowtrvew =v® (w+w)

Proposition 8.2 (Characteristic Property of Tensor Products). Let V and W be finite-dimensional real
vector spaces. If AV x W — X is a bilinear map into any vector space X, there is a unique linear
map A:V QW — X such that the following diagram commutes.

VxW 45 X
- 2
VoW

where T(v,w) = v @ w.

This is called the characteristic property because it uniquely characterizes the tensor product up to
isomorphism.

Proposition 8.3 (Properties of Tensor Products). Let V,W, and X be finite-dimensional real vector
spaces.

1. The tensor product V* @ W* is canonically isomorphic to the space B(V, W) of bilinear maps from
VoW toR.

2. If (E;) is a basis for V and (F;) is a basis for W, then the set of all elements of the form E; ® F;
is a basis for V@ W, with dimV @ W = (dim V') (dim W).

3. There is a unique isomorphism V@ (W@ X) — (VW)@ X sendingv® (w@zx) = (v@w)®x.

In most cases, we will concern ourselves with covariant tensors.

8.2 Tensors and Tensor Fields on Manifolds

Definition 8.5. Let M be a smooth manifold. The bundle of covariant k-tensors on M is defined to be

"M = | | TH(T,M)
peM

The bundle of contravariant [-tensors is defined

TM = | | T/(T,M)
peEM

and the bundle of mized tensors of type (k,l) is defined

M = | | THT,M)
peEM

These are all called tensor bundles over M.

This allows us to generalize previously defined bundles, leading to the identifications:
1. T°M =TyM = M x R
2. T'M =T*M

3. T\M =TM
4. TEM = TFM
5. TOM = T,M
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Definition 8.6. A section of a tangent bundle is called a (covariant, contravariant, or mized) tensor
field on M. A smooth tensor field is a section that is smooth in the usual sense of smooth sections of
vector bundles. The vector spaces of smooth sections of these bundles is denoted

T*(M) = {smooth sections of T*M}
Ti(M) = {smooth sections of T'M}
T (M) = {smooth sections of T}" M}

In any smooth local coordinates (z%), sections of these bundles can be written (using the summation
convention) as

Tiy i dx“ ®..% dx“‘ o€ TEHM)
o= crjil'”J 5T @ - ® 83:” ; o€ T(M)
ol lldat @ . @ da™ © ®...0 3%, o€ TFM)

Q1.

3»5]1 7-11 )

The functions o] 1 J’

: M — R are called the component functions of o.
Lemma 8.4. Let M be a smooth vector field. The following are equivalent.
1. o is smooth.

2. In any smooth coordinate chart, the component functions of o are smooth.

3. If Xq,..., Xk are smooth vector fields defined on any open subset U € M, then the function
o(X1,....Xk) : U — R defined by

0'()(17 ,X}c)(p) = Up(Xl »

-’Xk’p)

is smooth.

8.2.1 Pullbacks

8.3 Symmetric Tensors

Definition 8.7. Let V be a finite-dimensional vector space. A covariant k-tensor T on V is said to be
symmetric if its value is unchanged by interchanging any pair of arguments.

T(X1y oo X Xy ooy X)) = T(X1, s Xy Xy ooy Xi)

Since the set of transpositions form the generating set of the set of all permutations of n elements, a
symmetric tensor is invariant under any permutation of its arguments.

Definition 8.8. The set of symmetric covariant k-tensors on V is denoted ¥*(V), which is a vector
subspace of T*(V'). There is a natural surjective projection

Sym : T*(V) — 2¥(V)

called symmetrization. Given a k-tensor T' and a permutation o € Sy (Sk is the symmetric group of k
elements), we define the symmetrization of tensor T' by

5 ZT (1) - Xo(k))

Sym(T) = —
" oESE

Note that if S and T are symmetric tensors on V, then S ® T is not symmetric in general. But we can
simply define a new product that does produce a symmetric product.

Definition 8.9. Given S € ¥¥(V) and T € X{(V), their symmetric product is the (k + [)-tensor ST
defined
ST = Sym(S ® T)

We can explicitly define this as

ST(X1, ., Xpy1) = Z S(Xo()s o Xo) T(Xoh41)s - Xo(ht1))

! oESK41
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Note that the symmetric product (written using juxtaposition of tensors above) is the same product as
the product ”©®” mentioned in the linear algebra chapter.

Proposition 8.5 (Properties of the Symmetric Product). We list two additional important properties.

1. The symmetric product is symmetric and bilinear. For all symmetric tensors R, S, T and all a,b €
R,

ST =TS
(aR+bS)T = aRT + bST = T(aR + bS)

2. If w and n are covectors, then

1
wn=§(w®n+n®w)

Definition 8.10. A symmetric tensor field on a manifold is a covariant tensor field whose value at any
point is a symmetric tensor.

8.4 Riemannian Metrics

Definition 8.11. A Riemannian metric on manifold M is a smooth symmetric 2-tensor field that is
positive definite at each point. A Riemannian manifold is a pair (M, g) where M is a smooth manifold
and g is a Riemannian metric on M.

Note that a Riemannian metric is not the same as a metric on a vector space.

Proposition 8.6 (Existence of Riemannian Metrics). Every smooth manifold admits a Riemannian
metric.

If g is a Riemannian metric on M, then for each p € M, g, is an inner product on T, M. For X,Y € T, M,
the expression (X,Y), is used to denote the real number g¢,(X,Y’). Furthermore, in any smooth local
coordinates (z*), a Riemannian metric can be written

where g;; is a symmetric positive definite matrix of smooth functions. The symmetry of g also allows us
to write g as
g = g”dx’ (9 d(Ej

1 . _ _ .
= i(gijdzl ®@dx? + gjidr' @ da’)

1 . . _ .
= §(gijdzl ®da’ + g;;dx* ® da’)
= gijdxidxj
Example 8.2. The simplest example of a Riemannian metric is the Fuclidean metric g on R™, defined

in standard coordinates as o
g(x,y) = 0;;dx'da?

where 0;; is the Kronecker delta. It is common to use the notation w? for the symmetric product of tensor
w with itself, so the Fuclidean metric can also be written

g = (dz')?> + ... + (dz™)?

8.4.1 Pseudo-Riemannian Metrics

Relaxing the requirement that the metric be positive definite results in a generalization of the Riemannian
metric.

Definition 8.12. A 2-tensor g on a vector space V is said to be nondegenerate if g(X,Y) = 0 for all
Y € V if and only if X = 0.

Just as any inner product can be transformed to the Euclidean one by switching to an orthonormal basis,
every nondegenerate symmetric 2-tensor can be transformed by a change of basis to one with a diagonal
matrix of diagonal entire +1. However, the number of —1’s and +1’s are invariant under a choice of
basis. That is, the signature of g is an invariant of g.
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9 Differential Forms

We have introduced line integrals of covector fields, which generalized ordinary integrals to curves in
manifolds. Now, we will generalize the theory of multiple integrals over manifolds.

9.1 The Algebra of Alternating Tensors

Definition 9.1. A covariant k-tensor 7" on a finite-dimensional vector space V is said to be alternating
if its has the property

T(X1, o Xiy ooy X5, o

(X)) = -T(X1, .., X5, o, Xy o, Xi)
An alternating k-tensor is also called a k-covector. Note that this

Bilinearity and the alternating properties of the alternating k-tensor indicates that it is a good measure
of the signed volume of a parallelopiped. The following lemma also supports this notion, since a m-
dimensional parallelopiped in an n-dimensional space has volume 0 when m < n.

Lemma 9.1. Suppose Q is a k-tensor on a vector space V' with the property that Q(X4,...,Xg) = 0
whenever X1, ..., Xy is linearly dependent. Then Q) is alternating.

Proof. By bilinearity, the hypothesis says that €2 gives the value 0 whenever two arguments are the same.
So,

Xy Xigjs o Xig s oo, Xi)
QX1 e, Xiy oo Xy ooy n) +

+Q(Xq, ... X5, X, L, X)) +
Q

(Xla -"7Xi7 "'Xi+_77 . 7X7l)

X1,y Xy X, oy X,)
QX X, X, X))
F QX o Xy X X))

which means that
QX Xy o Xy, s X)) = =X, 0, X, o Xag g, o0 X))
[ |

Because of these properties, alternating tensor fields are good candidates for objects that can be inte-
grated in a coordinate-independent way.

Proposition 9.2. The following are equivalent for a covariant k-tensor T'.
1. T is alternating.
2. For any vectors X1, ..., Xn,
T(Xo@)s o T(Xomy) = (sgn(o)T(X1, ..., Xp)

3. T gives zero whenever two of its arguments are equal.
4. T = 0 whenever its arguments are linearly dependent.

Note that any 2-tensor can be expressed as a sum of its symmetric components and alternating compo-
nents, since

T(X,Y)=-(T(X,Y)-T(X,Y)) + %(T(X, Y)+T(Y, X))
= A(X,Y) + S(X,Y)

DN | =

where A(X,Y) = 2(T(X,Y) — T(X,Y)) is alternating and S(X,Y) = 1(T(X,Y) + T(X,Y)) is sym-
metric. However, this is not true for tensors of higher rank.
Note that S is just defined as Sym T, the symmetric projection of T. We can define a similar projection

Alt - TH(V) — A (V)

called the alternating projection, defined

1
AT = o (sgno)(Xo(1ys s Xoi))
o€Sk
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Example 9.1. Let T be a 1-tensor. Then AWT =T. It T is a 2-tensor, then

ART(X,Y) = =(T(X,Y) = T(Y, X))

N =

If T is a 3-tensor,
AWT(X,Y,Z) = é(T(X,Y,Z) +T(Y,Z,X)+T(Z,X,Y)
_T(Y7X7Z) _T(X7Z5Y) —T(Z,Y,X))

Lemma 9.3 (Properties of the Alternating Projection). For any tensor T, AT is alternating. T is
alternating if and only if AWT =T.

Proposition 9.4. Let V be an n-dimensional vector space. If (¢*) is any basis for V*, then for each
positive integer k < n, the collection of k-covectors

& ={e! | I is an increasing multi-index of length k}
is a basis for A¥(V). Therefore,
dim A% (V) = (Z)
and if k > n, then dim A¥(V) = 0.

9.2 The Wedge Product

Definition 9.2. If w € A*(V) and € AL(V), the wedge product, or exterior product of w and 7 is the

alternating (k + [)-tensor

k+1)!
wAn= ( k!l!) Alt(w®n)

Lemma 9.5. Let (¢!,...,e") be a basis for V*. For any multi-indices I = (i1, ...,i1) and J = (j1, ..., Ji),

I ped =7
where I.J is the multi-index (i, ...,1k, j1, ..., ji) obtained by concatenating I and J.
Proposition 9.6 (Properties of the Wedge Product). We list properties of the wedge product.
1. Bilinearity.
(aw + d'W') Anp=alwAn)+ad W An)
A (aw + d'w') = a(n Aw) +a’'(n Aw')
2. Associativity.
wA(AC) = (wAn)AC
3. Anticommutativity.
wAn=(-D*pAw
4. If (e1,...,€") is any basis for V* and I = (i1, ...,ix) is any multi-index, then
et A L AR =¢l
5. For any covectors w', ..., w* and vectors X1, ..., Xy,

wh A AwF (X, X)) = det (W (X))

Definition 9.3. For any n-dimensional vector space V', the vector space A*(V) is defined
A(V) = P AKV)
k=0

called the ezterior algebra of V.

Definition 9.4. An algebra A is said to be graded if it has a direct sum decomposition A = @, AF
such that the product satisfies (A¥)(A!) C A+
A graded algebra is anticommutative if the product satisfies ab = (—1)*ba for a € A* b € Al

Clearly, A*(V) is an anticommutative graded algebra.
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9.3 Differential Forms on Manifolds

Definition 9.5. Given an n-dimensional smooth manifold M, the subset of T*M consisting of alternat-
ing tensors is defined
ARM = | | ART,M)
peEM

It is a smooth subbundle of T% M.

Definition 9.6. A section of A*M is called a differential k-form, or just a k-form. In other words, it is
a continuous tensor field whose value at each point is an alternating tensor. The integer k is called the
degree of the form.

Definition 9.7. The vector space of smooth sections of A¥M is denoted AFM.

In any smooth chart, a k-form w can be written locally as

w= Zwl dz™ A ... Ndzt = Zw; da’
I I

where the coefficients w; are continuous functions defined on the coordinate domain. We use dz! as an
abbreviation for dz™ A ... A dx**. Interpreting the basis forms as forms themselves,

dxil/\.../\dxi’“< 0 0 >=5§

5a " Dai

Thus, the component functions are determined by

ol — 0 0
T\ 9zt Qe

Example 9.2. On R3, some examples of smooth 2-forms are given by

w = (sinzy)dy A dz
n=drxANdy+drANdz—+dyANdz

A 0-form is just a continuous real-valued function, and a 1-form is a covector field. FEvery n-form R™ is
a continuous real-valued function times dx' A ... A dz™.

We can take the vector spaces of smooth sections of A¥(M) of all the degrees k and direct sum them to
create an algebra.

Definition 9.8. Defining the wedge product of two differential forms pointwise
(WAN)p =wp Anp

we can see that the wedge product of a k-form with an I-form is a (k 4 [)-form. Defining
A" (M) = EP AF (M)
k=0

equipped with the wedge product turns this set into a associative, anticommutative graded algebra.

If F: M — N is a smooth map and w is a smooth differential form on IV, the pullback F*w is a smooth
differential form on M, defined as for any smooth tensor field

(F*w)p(Xl, ...,Xk) = wp(p) (F',.“Xl7 ...,F*Xk)

If i : N — M is the inclusion map of an immersed submanifold, then we denote it as w|,, for i*w.
The following lemma gives a computational rule for pullbacks of differential forms. It can also be used
to compute the expression for a differential form in another smooth chart.

Lemma 9.7. Suppose F': M — N is smooth.
1. F*: A¥(N) — A¥(M) is linear.
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2. F*(wAn) = (F*w) A (F*n)

3. In any smooth chart

F*(Zw Ay A A dy”) = (wroF)d(y" o F)A... Ad(y™ o F)
I I

Proposition 9.8. Let F': M — N be a smooth map between n-manifolds. If (x*) and (y’) are smooth
coordinates on open sets U C M and V C N, respectively, and u is a smooth real-valued function on 'V,
then the following holds on U N F~1(V).

F*(udy* A ... Ndy™) = (uo F)(det DF) dz* A ... A dz"
where DF represents the matriz of partial derivatives of F in coordinates.

Corollary 9.8.1. If (U, (x’)) and (U, (;%J)) are overlapping smooth coordinate charts on M, then the
following identity holds on U N U :

J
it A ... A dE” = det (%) da' A .. A da”
X

9.4 Exterior Derivatives

Theorem 9.9 (The Exterior Derivative). For every smooth manifold M, there are unique linear maps
d: AR (M) — AMTH(M)

defined for each integer k > 0 and satisfying the following conditions:

1. If f is a smooth real-valued function (i.e. a 0-form), then df is the differential of f, defined as

df(X) = Xf
2. Ifwe AK(M) and n € A (M), then
dwAn) =dwAn+ (—1)Fw Ady
3. dod=0

The operator d also satisfies the following properties:

1. In every smooth coordinate chart, d is given by
d( Z w_;dm") = Z dwy A dx’
J J

2. d is local. That is, if w = w' on an open set U C M, then dw = dw’ on U.

3. d commutes with restriction. That is, if U C M 1is any open set, then
d(wly) = (dw)’U

Lemma 9.10 (Naturality of the Exterior Derivative). If G : M — N is a smooth map, then the
pullback map
G* : AF(N) — A*(M)

commutes with d. That is, for all w € A*(N),

G* (dw) = d(G*w)
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10 Orientations

10.1 Orientations on Vector Spaces

In order to properly define the integration of k-forms in a way that is consistent with signed volume of
a parallelopiped, we must properly define the orientation of certain vector spaces.

We could try this using a certain choice of basis. For example, given a choice of ordered basis vectors
{f1,.--s fn}, we can define the orientation of the vector space spanned by these vectors by computing
the sign of the determinant of the matrix with column vectors f;. However, since abstract vector spaces
have no canonical vector spaces, we cannot say which vector spaces have the ”positive orientation” or
is "right-handed.” However, we can compare whether two bases have a consistent orientation. Thus, we
are led to the following definition.

Definition 10.1. Let V be a vector space of dimension n > 1. We say that two ordered bases
(Eh ey En)
(B, ..., Bn)

are consistently oriented if the transition matrix (Bf ), defined by the equation
E; = B/E;
has positive determinant.

Definition 10.2. Given vector space V with dim V' > 1, the orientation of V is an equivalence class of
ordered bases. If (Ey, ..., Ey,) is any ordered basis for V', we denote that orientation that it determines
by (the equivalence class)

(B, ..., Ey]
A vector space together with a choice is called an oriented vector space. If V' is oriented, then any ordered
basis (F1, ..., Fy,) that is in the given orientation is said to be oriented or positively oriented. Any basis
that is not in the given orientation is said to be negatively oriented.
For the special case of a 0-dimensional vector space V', we define an orientation of V' to be simply a
choice of one of the number +1.

Example 10.1. The orientation [ey, ..., e,] of R™ determined by the standard basis is called the standard
orientation. The standard orientation for

1. R is the unit vector pointing to the right.
2. R? is one which the rotation from the first vector to the second is counterclockwise.
3. R3 is one that has a right-handed orientation.

There is an important connection between orientation and alternating tensors, expressed in the following
lemma.

Lemma 10.1. Let V be a vector space of dimension > 1, and let Q2 is a nonzero element of A" (V). The
set of ordered bases (E1, ..., Ey) such that Q(F1, ..., E,) > 0 is an orientation of V.

Definition 10.3. if v is an oriented vector space and €2 is an n-covector that determines the orientation
of V as described in the previous lemma, it is said that € is an oriented (or positively oriented) n-covector.

Example 10.2. The n-covector e* A ... A e™ is positively oriented for the standard orientation on R™.

10.2 Orientations on Manifolds

Definition 10.4. Let M be a smooth manifold with a given pointwise orientation. It is said that a local
frame (E;) for M is (positively) oriented if (E; R En|p) is a positively oriented basis for T, M at each
point p € M. A negatively oriented manifold is defined analogously.

Definition 10.5. A pointwise orientation is said to be continuous if every point of M is in the domain
of an oriented local frame. An orientation of M is a continuous pointwise orientation. An oriented
manifold is a smooth manifold together with a choice of orientation. It is said that M is orientable if
there exists an orientation for it, and nonorientable if there isn’t.
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