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1 Introduction

Ordinary differential equations model deterministic systems that can be solved exactly through integration.
For example, consider the population model determined by a linear DEQ

dN
— =at)N(t

= = ()N ()

where N is the population size and « is a growth rate. Then, we can solve with analysis by integrating the
following with a change of basis

Nl(t)cgjdt:/a(t)dt — /%sz/a(t)dt

= N(t) = Cexp </a(t) dt)

This classical exponential growth model is not only continuous, but smooth, and it is this smoothness that
allows us to do calculus on it. But more realistic models will have noise, which can be modeled by a random
variable. Let o = r +n, where r is the deterministic term and 7 is the random term. Then, integrating gives
us

T 0N = [FGa= [ [aoa

The first integral can be evaluated, but classical calculus does not allow us to integrate the random part.
This is where stochastic calculus is needed. Now recall from probability that a random variable over a
probability space (2, F,P) is simply a F-measurable function X. As some warm up exercises, let us prove
a few examples.

Example 1.1 (Class 1)

Example 1.2 (Class 2)

Definition 1.1 (Stochastic Process)

A stochastic process is a collection of random variables indexed by time { X} }+c7 with their respective
measures py.

1. If T is countable (usually integers), then it is called a discrete-time stochastic process.

2. If T is continuous, then it is called a continuous-time stochastic process.
It is also good to think of it as a probability distribution over a space of paths.

We first start off with Markov processes. We can divide them into four kinds, depending on whether we are
using discrete or continuous time, and whether we are using discrete or continuous state space. Since process
over continuous state space is a natural generalization of those in a discrete one, we only distinguish between
the times. When talking about continuous time, there are additional operators we must introduce, such as
generators. Before we go any further, I would like to mention that these set of notes will write down the
transition matrices of Markov chains as left-stochastic matrices, as they are usually written in convention.
Therefore, a transition matrix would look like
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P(1,1) ... P(d,1)
=
P(1,d) ... P(d,d)

where P(i, j) represents the probability of transition from state i to state j. Therefore, the rows must sum to
1. T use this notation because it is consistent with when we are working with Markov processes over general

measurable state spaces. Note that we will denote in math font general objects and operators (X, p¢, Ps, )
and their realization as vectors and matrices in bold font (p¢, Pg, 7).

1.1 Transitioning from Discrete to Continuous State Space

Let us remind ourselves of the definitions involving Markov chains over a discrete state space. Let X
be the state at time ¢. The discrete distribution of X; can be represented as a column vector p;, where
pi(i) =P(X; =), and we can calculate the distribution of X, as

Piys =Pt Ps
where P; is a stochastic matrix. Note that representing a discrete measure on discrete S = {1,...,d} with
a vector really just a notational convenience for computations. We must properly distinguish the three:
1. the actual state X;
2. the probability distribution p;, which is a measure

3. the PMF vector pg, which is just a convenient representation of p; in the way that

pe(i) = pr({i}) = P(X; = 1)
That is, the ith element is just the measure on the singleton set {i} € S = 25,

The PMF vector p; is really just a way to describe X; and its distribution, which is redundant. Furthermore,
when we try to describe states X; in general measure spaces (5, S), we cannot think of it as a vector anymore.
This is not a problem in even countable spaces since we can just assign p¢(i) = P(X; = i) in a finite space,
but for uncountably infinite spaces we cannot do this. Therefore, we must have some measurable function
f 5 — R that extracts this kind information from X;. Therefore, we must really work with the following:

1. the actual state X; : (Q, F,P) — (S5,S)
2. the probability distribution p; of the state X,
3. a collection of S-measurable functions f : S — R that describes the state

At this point, we are not sure what f is since it seems quite arbitrary. But if we fix some A € S and take
f = 14, then 14(X;) encodes the information of whether X; is in A or not. This is quite nice, since now we
can think of the PMF vector p; as having components defined by the functions

pi(i) = 11y (Xy) = P(Xy = 4)

The following theorem formalizes this concept.

Theorem 1.1

Two random variables X,Y : (Q, F,P) — (5, S) have the same distribution if

E[f(X)] = E[f(Y)]
for all F-measurable f : S — R, which can be seen by setting f = 14 for any A € F.
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E[1a(X)] = E[1(Y)] = P(X € A) = P(Y € A)
— Px(A) = Py(A)

and so the measure that X and Y pushes forward to (S, S) is precisely the same. This does not mean
that they are the same random variable.

Let’s talk more about f in the discrete case setting. We know that the discrete distributions are represented
by a column vector. It is true that every measurable function can be written as a linear combination of

simple (indicator) functions, and so in a discrete space S = {1,...,d}, we can write every f as
f= Z filgy
€S
which outputs f; if its input is i. We can interpret it as a column vector f = (f1,..., f4)7 . We can see that
f1
pif=(pe(1) ... pe(d))| i | =E[f(Xy)]
fa

and if f is any standard unit vector, say (1,0,0) with d = 3, then

1
pif= (Pt(l) pe(2) Pt(3)) 0 =E[ln(Xe)] =P(X,=1)
0
Therefore, every time we compute E[f(X;)], we can think of it in the discrete case as dotting p; with a

function vector f to extract whatever we want from the vector X;. And as we will find out later, the
linearity of the stochastic matrix Py is analogous to the linearity of the Markov semigroup Ps.

Therefore, our Markov process is really just some stochastic process {X;};>¢ over some measurable space
(S, S) with the property that

P(Xt+s €A | {Xr € BT}?"St) = P(Xt—i-s cA ‘ X; € Bt)

where A € S, and this captures the discrete case by setting A = {j} € 2% which gives

P(Xips =7 [{Xr =i }rt) = P(Xpqs = 5 | Xi = i)

This basically says that the probability that X;,, lying in A is only dependent on its present state X; € By,
not the history {X, € B,},<;. In fact, by using the identity E[14] = P(A) and setting f = 14, we can
capture this effect for all measurable f : (S,S) — (R, R). Thus, the Markov property now looks like

E[f(Xt+s) [ {X € Brlr<t] = E[f(Xiys) | X¢ € By

We don’t need to fix the X,’s into sets B,’s and so we can write

E[f(Xets) [ {Xrtr<t] = E[f (Xi4s) | Xi]

4/
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Now let’s talk about this Markov property. It is true that o-algebra o({X,},<;) is bigger than o(X}); the
Markov property does not imply that they are the same size. Rather, we should interpret this as the extra
information introduced by the bigger o({X, },<) is irrelevant. This is analogous to trying to approximate
a function with a pointlessly large o-algebra. For example, given a piecewise function X defined on the
unit interval Q = [0,1], let G be the o-algebra generated by [0,0.5),[0.5,1] and H be that generated by
[0,0.25), [0.25,0.5), [0.5,0.75), [0.75, 1].

' €0xI4] = ELxIn]= X

/

—

0-15 6 4.5 0.5
Then, we can see that

E[X | G] = E[X | H]

That is, the two random variables are exactly equal, even though H has more information than G. Note that
this is not the law of iterated expectations. This rule does not say that E[E[X | G]] = E[E[X | H]]; this law
is true regardless. Rather, this property is a special property of the function X, and therefore the Markov
property is a special property of the stochastic process {X;}i>0.

2 Discrete-Time Markov Processes

Definition 2.1 (DTMP)

Let (92, F,P) be a probability space and (5,S) a measurable space. Then, a homogeneous discrete-
time Markov process is a stochastic process {X,, }neny which takes values in S (i.e. X, : @ — 9)
satisfying the Markov property: for every bounded measurable f and n > 1,

E[f(Xn-i-m) | {Xr}?:o} = E[f(Xn+m) | Xn] = (me)(Xn)

Since this is true for all n, this process is time-homogeneous. Note that both sides are random
variables, and it says that the best estimate of f(X,4,) as a function of {X,}7_, can be simply
expressed as as a function of the current X,,. Notice also that we have given a specific label P, f to
the conditional expectation on the right hand side.

Since every X, has distribution p,,, we can describe the entire distribution of X,, by "extracting" our desired
information f with

E[f(X,)] = /S f on

Now, if we wanted to extract information f from X,,4,,, we may not know its distribution p,4,,, but the
Markov property allows us to condition X,, (which we know the distribution of) by integrating over the
measure p,, which we do know:
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E[f(Xn-HrL] = E[E[f(Xn+7n) | Xn]] = ]E[(me)(XnH = /Sme Pn

So, P, is an operator that allows us to compute anything about the distribution of X, ,, from the measure
of X,,. That is, ppim(f) = pn(Pmf).

ELf (Xnim)] = /S f ot = /S Pt pn = E[(Pon f)(X,)]

for all measurable f. Let us now show how P; = P realizes as a matrix in the discrete state space case.

Example 2.1 (Transition Operator as a Matrix in Discrete Space)

Given S = {1,...,d}, let us construct a column vector p,, representing the distribution of X,,. Then,
prt1(j) = P(Xni1 =)
= E[1{;; (Xn41)]
= E[E[1{;) (Xn41) [ Xa]] = E[(P1{;;)(Xn)]
= E 1{j} n+1 | X }dpn = / PI{J}(XR) dpn
s

:Z Xnp1 =7 | Xn =] P(X, =) =Y Pl (i) P(X, = i)

es icS

which can be summarized as

d
Pr+1(J ZPl{]} i)pn(i) = ZIP(XnJrl =7 | Xpn =1) pn(i)
=1

We can compactly organize the probabilities of these internode travel inside a d x d right stochastic
transition matrix

Plg(1) ... Plig(d) P(Xpi1=1[X,=d) ... P(X,11=d|X,=d)

and compactly write the above equation as

pn+1 pnPt

It immediately follows from computation that P,, is realized as P™, the mth power of matrix P, which
can also be shown by the Chapman-Kolmogorov equation below.

Therefore, this linear operator P, can be seen as analogous to the probability transition matrix Py, of a
Markov chain. We know that since they are matrices, from first glance we would guess that P,, is linear.
This is indeed trivial by linearity of conditional expectation.

Lemma 2.1

P, is a linear operator. That is, for o, 8 € R, and bounded measurable functions f, g,
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Pu(af +Bg) = aPpf + BPng

Proof. By linearity of conditional expectation,

(Pm(af + ﬁg))(Xn) ]E[(O/f + 59)(Xn+m) | X,,,]
E[(af)(Xn+m) | Xn] + E[(B9)(Xntm) | Xn]

(Pf)(Xn) + B(Pg)(Xn)

We can now interpret linearity and the Markov property in the discrete space.

Example 2.2 (Markov Property in Discrete Space)

If we wanted to extract information from X,, with function f (i.e. compute E[f(X,,)]), we can calculate

fi
E[f(Xn)] = pgf = (pn(l) s pn(d))
fa
Now, say that m units of time later, we want to extract information f from X, ,, by computing
fi
Elf (Xn4m)] = P£+mf = (pn+m(1> e pn+m(d>)
fa

The problem is that we don’t know what the distribution of X,, 4, is (i.e. don’t know pyn4m (7)), so
we get its expectation by conditioning it on X,,, which realizes as taking the expectation of a different
function P, f with respect to p,.

(P f)1
Elf(Xntm)] = EE[f(Xnim) | Xp]] = E[(Pr f)(Xn)] = (pn(l) pn(d))
(Pnf)a

It turns out that this transformation f — Pp,f (from row vector to row vector) is linear, and so we can
interpret Py, as f that has been left-multiplied by some transformation matrix Py,.

(me)l fl

(pn(l) Pn(d)) : = (pn(l) B pn(d)) Pm :
(me)d fd

Pnf

It turns out that this Py, acts linearly on f through left multiplication, but we can also right-multiply
Pn by Py, to get the new distribution of X, 4.,!

(P’rnf)l fl

(pn(l) pn(d)) : = (pn(l) pn(d)) Pm :
(me)d Ja

PEPm=pl

Therefore, it turns out that the linearity of Py, on f implies linearity of it on the vector p,,.

Now focusing on f = 14, we can define the following.
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Definition 2.2 (Transition Probability)

Let us have Markov process (X,,) with operator P,,. The function p,, : S x & — R defined

Pm(x, A) = Ppla(x) =E[la(Xntm) | Xn =2] =P(Xpym € A| X, =2)

is the transition probability, or transition kernel, of this chain. Note that
1. For each x € S, A — p,,(x, A) is a probability measure on (S,S). This means that if we are in
some place = at time n, then the probability that we will land in some subset A € S of S at time
n+mis py(z, A).
2. For each A € S, P,14 = pm(+, A) is a measurable function.

P, A) = /A p(z, ) dy

Note that by the law of total probability, we must have

/Sdp(m) =1 and / dp™ (z) =1

S

Given that we have an initial distribution Xy ~ po, we can see that the distribution X; ~ u; is defined as

]P)(Xl S Al) = / P(Xl € A | Xo = 33) P(XO = J’) dx
Ap

- / p(0, Ar) o(dazo)
Ao

Note that in the matrix realization of the example above, it looks like P, acts on the distribution p,, to get
a new distribution p,4,,, but this is not strictly the case since P,, is an operator on f. However, for the
sake of intuitiveness, we can interpret P, in two ways:

1. It operates on the measure p,, by pushing it forward in time to get p,tm,. This operator is defined as

Pn > Pner(') = pm(Xn,-)

which corresponds to the matrix multiplication pZ — pZ +m = PIP .,

2. Tt operates on the function f (at X, 1,,) by pulling it back to P, f that operates on X,,. This operation
f — P, f corresponds to the matrix multiplication f — P,,f.

Either way, we can think of the order of operations as either (pLPy)f or pL (Py,f).

Just like stochastic transition matrices, we can also deduce a semigroup property of the collection (P, )men-

Lemma 2.2 (Chapman-Kolmogorov Equation)

Given the operator P, we have

Pm+k:PmPk

which indicates

Pk (2, A) z/gpk(x7y)pm(y,A) dy
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Proof. We can compute

Py f(Xn) = E[f (Xntm+r) | Xn]
= ]E[E[f( n+m+k) | Xntm, n] | Xn]
= ]E[E[f( ntm+k) | Xn+m] ‘ X }
= ]E[Pf (Xn+m) |Xn]
= P Prf(Xn)

Example 2.3 (Chapman-Kolmogorov in Discrete Space)

By conditioning on intermediate nodes, we can compute that

Prii(i:j) = > Pm(i,s) Pi(s,j) = Pmix = PmPx
seS

which can be seen by setting =i and A = {j} € 2% in the transition probability above.
Pik(i, ) = pmtr (i, {5})
= [ palidsh pels ) ds
=" bl {5} pils, 13

ses

d
= Pum(i,s)Pu(s, )

of the transition matrix P.

and summing this for each entry gives Ppyix = PmPx. By setting £ = 1, an immediate consequence of
this is that the m step transition probability P(X,, 4., = j | X, = i) is simply P™(4, j), the kth power

We give one more property.

Lemma 2.3 (Conservativeness)

{P,,} satisfies

Pol1=1

for all m > 0, where 1 = 1g is the constant function of 1.

Proof. This is trivial since it is just the law of total probability. That is, 15(X,,) = 1, and

(PmlS)(Xn) = E[ls(Xn+M) | Xn]

hand side is equal to 1g(X,4m) itself, which equals 1.

and note that o(X,,) is a finer o-algebra than that generated by 1g(X,+m), meaning that the right

In discrete spaces, this property realizes into the fact that the transition matrix is stochastic, since the

constantly 1 function f =}, g 1y;; realizes into the (1,...,1) vector, and
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1 1
Pm 1 =1:
1 1
if and only if Py, is stochastic. But this is quite redundant for discrete spaces since the fact that Py, acts

on the indicator functions as Ps1y;}(i) = P(X¢ys = j | X; = 4) already implies that it should be stochastic
(by law of total probability).

We provide with a variety of examples.

Example 2.4 (Random Walks)

A random walk on the integers S = Z where a point has equal probability of moving right or left can
be modeled with the probability transition matrix.

3 j=i+1
P(ivj):P(Xn+1:j|Xn:i): % j=1—1
0 otherwise

This can be generalized to multiple dimensional random walks on graphs with probability function

o
~ deg(d)

where deg(i) is the number of adjacent nodes to node i. In this way, the point hops randomly from
node to node, and if the graph is connected, then the walker can visit any vertex in the graph.

P(i,j)

Example 2.5 (Discrete Moran Model)

Consider a population of size N. Each individual is one of two types (say, red or blue). At each
time step, the system evolves in the following way: First, one of the individuals is chosen uniformly at
random to be eliminated from the population; and another individual is chosen uniformly at random
to produce one offspring identical to itself. These two choices are made independently. So, if a red
individual is chosen to reproduce, and a blue one is chosen for elimination, then the total number of
red particles increases by one and the number of blue particles decreases by one. If a red is chosen for
reproduction and a red is chosen for elimination, then there is no net change in the number of reds and
blues. Let X,, be the number of red individuals at time n. The transition matrix for this chain is

;’V(NN—i) j=i—-1,i#0
<NN>N j=i+1i#N

12<NN—i>;‘V j=i

0 otherwise

P(Jvl) =

Note that the states X,, = 0 and X,, = N are absorbing states, which represents a phenomenon called
fixation.
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2.1 Classification of States
2.1.1 Stopping Time and Strong Markov Property

Definition 2.3 (Stopping Time)

Given a stochastic process {X,, }, a nonnegative integer random variable T is called a stopping time if
for all integers k > 0, T < k depends only on X, ..., Xg.

Example 2.6 (Coin Toss)

Let {X,,} be a stochastic process with X,, — X,,_1 be iid standard Gaussians, with Xy = 0. Then,
1. Let T = min{n > 1| X,, > 10} be the first time that we surpass 10. This is a stopping time since

P(T = k) = P(Xo < 10, X; < 10,..., X_1 < 10, X > 10)

2. Let T =min{n > 1| X;,;1 — X, < 0} be the time of the first peak. This is not a stopping time
because you can’t determine whether we have peaked at time k£ by looking at the X,,’s up to k.
You need information on X, ;.

3. Let T =min{n > 1| X,, — X,,—1 < 0} be the first time we have gone down from a peak. This is
a stopping time since

P(T=k)=P(Xo< X1 <Xo<...<Xp_1>Xg)

Definition 2.4 (Time of Return)

Given a stochastic process, let the stopping time

T4 =min{n >1| X, € A}

be the random variable defined as the time of first return to A (being there at time ¢ = 0 doesn’t
count). Let Let T4 = Ty and for k > 2,

T% = min{n > TH' | X,, € A}

be the stopping time of the kth return to A.

Since stopping at time k£ depends only on the values X, ..., Xi, and in a Markov chain the distribution
of the future only depends on the past through the current state, it should not be hard to believe that the
Markov property holds at stopping times.

Theorem 2.4 (Strong Markov Property)

Suppose T is a stopping time. Then, for natural k > 1,

P(Xrsp=7|Xr=1,...,Xo=1)=P(X =j | Xo=1)

11/
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2.1.2 Irreducibility

Definition 2.5 (Closed Set, Absorbing State)

A set A C S is closed if it is impossible to get out.

PXpt1€A|X,€A)=1

If A= {i} is a singleton set in some discrete state space, then i is said to be an absorbing state.

P(Xp1 #i | X =1i) =0

Definition 2.6 (Recurrence, Transience)

A state z € S is called recurrent if

Pex =P(T, <0 | Xg€e A)=1

i.e. if the chain returns to z infinitely many times. z is said to be transient if p,, < 1, and so
eventually the Markov chain does not find its way back to z ever again.

Definition 2.7 (Communication)

We say that € S communicates with y € S, denoted x — v, if

Pay =P(Ty <o | Xo=1y)>0

That is, there is a positive probability that we will jump from z to y in a finite amount of steps. We
can also see this as there existing an m > 0 such that P(X,, =y | Xo = z)p™(x,y) > 0.

Lemma 2.5

The following hold.
1. If x - y and y — 2z, then x — 2.
2. If pyy > 0 but py, = 0, then z is transient.
3. If = is recurrent and pg, > 0, then py, = 1.

Definition 2.8 (Irreducible Set)

A set B C S is called irreducible if for all i, j € B, i communicates with j.

Theorem 2.6

If C is a finite closed and irreducible set, then all states in C' are recurrent.

Theorem 2.7 (Decomposition)

If the state space S is finite, then S can be written as a disjoint union

TUR,U...URy

12/ 3§
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where T is a set of transient states and R; are closed irreducible sets of recurrent states.

Lemma 2.8

If = is recurrent and x — ¥, then y is recurrent.

Lemma 2.9

In a finite closed set there has to be at least one recurrent state.

2.1.3 Periodicity

Definition 2.9 (Period)

For any state z € S, the period of z is defined to be

d(z) = ged{n > 1| P (z,z) > 0}

Lemma 2.10

If p(x,2) > 0 (not py, > 0!), then x has period 1.

Theorem 2.11

If two states z and y communicate, then they must have the same period

d(x) = d(y)

It naturally follows that if B C S is irreducible, then all states must have the same period.

Definition 2.10

If an irreducible chain has period 1, the chain is said to be aperiodic. Otherwise, the chain is periodic
with period d > 1.

2.2 Stationary Measures

Recall that a discrete time Markov process (X, )nen evolves, and this evolution can be described by the
sequence of measures (pn)n>o for each X,. If we would like to measure X,,1,, with function f, we can
calculate E[f(Xp4m)] = E [f], but we don’t know pyim,. Fortunately, we can "pull back" the f to
compute the equivalent

Pn+m

]Eanrm [ﬂ = E[f(Xn-&-m)} = E[]E[f(Xn-‘rm) ‘ Xn” = E[Pan(Xn)] = Epn [Pan]

which essentially measures X,, 4, with f by measuring X,, with P, f. Now, we want to construct a stationary
measure p that captures the fact that if a certain state X,, ~ p, = p, then the measure of future X, 4,, ~
Prntm = p also. If p is stationary, then both p,t.,, = p, = p, and this is equivalent to

E#Lﬂ = Eﬂ[me]

13/ 3§
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for all measurable f and m > 0. This will be the definition that we will work with. To help with the
interpretation, we can restrict the case to f = 14 to get P(X,, € A) = P(X,,4m € A) for all A € S, which
means that the probability of X,1,, realizing in A is equal to the probability of X,, realizing in A. In
summary, stationary measures describe the equilibrium or steady-state behavior of the Markov process.

Definition 2.11 (Stationary Measure)

A probability measure p is called stationary or invariant if

E,[f] = E,[Py f], conventionally written as pu(f) = u(Pp, f)

for all m > 0 and bounded measurable f. This is a property of the measure.

To give a pictorial interpretation, imagine an initial distribution Xy ~ py as some amount of sand placed on
the state space S (either as a continuous mass or mounds on discrete nodes). After one step, the distribution
will evolve to X1 ~ p1, where a different mound of sand will form on S. If pg = p, then the flow of sand
between the nodes will balance each other out, and we still have the same amount of sand p; = u after each
step. The discrete case is simpler, since we can just imagine there being 7 (¢) of sand at node i, and P(¢, j)
of its proportion of sand flowing from node ¢ to j at each step. Therefore, all the sand flowing out of 4, which
is Z;i:l P(i,7)w(i) = 1, balances out with the flow of sand into 4, which is ijl P(j,4)m(j).

d

d
L=> PG.j)m(i) =3 PG i)m()

J=1

and doing this for all 7 realizes into the matrix equation 7w = wP.

Example 2.7 (Stationary Distribution in Discrete Space)

Given discrete state space S = {1,...,d}, our stationary measure u can be represented by the all
familiar vector

m=(m(1) ... wd)=(p{1}) ... p({d})

Given the PMF vectors p, = 7 and pptm = ™ and some measurable function f = (fy,..., f4)7, the
stationary distribution property says that

Elf(Xnts)] = E[(Pnf)(Xy)] == 7f = 7Ppf

which means that P,,f will act on 7 the same way that £ does (though P,,f # f). We can also interpret
7 as the eigenvector of P with eigenvalue 1, so that it is invariant.

Example 2.8 (Two Node System)

Let us have a two node system with nodes labeled L and R. That is, S = {L, R}. Consider a chain on
this state space with transition probability matrix.

1—a a
P( b 1—b>

which can be visualized in the following diagram below.
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b

Then, the stationary distribution is
(crvats)
T=— ——
a+b a+b

Notice that if a = b = 0, then this definition is ill-defined, and any probability distribution is invariant
since P = I, the identity matrix.

This is also stationary since with certain conditions, the limiting behavior of the chain converges to m, but
we will prove that later.

Definition 2.12 (Doubly Stochastic Chains)

A transition matrix P is said to be doubly stochastic if its columns also sum to 1.

Theorem 2.12

Given a Markov chain with state space S = {1,...,d}, its transition probability matrix P is doubly
stochastic if and only if its stationary distribution is the uniform distribution

/111
™= a0

Proof. We prove the only if part. Let w(i) = 1/N for alli=1,...,N. Then, for j =1,..., N,

(*P)(i) = S (PG = 1 D PG = 1 = 7()

j=1

The if part is very similar.

2.2.1 Uniqueness
TBD TBD

2.2.2 Reversed Markov Process

From now, given the state space (S,S) we can put a measure 4 on it to get a measure space (S5, S, u). The
Banach space of all u-measurable functions f : (S,S,u) — (R,R) (i.e. for every Borel B € R, f~}(B) € S)
will be denoted LP(u), equipped with the norm

1/p
HNUWFEMW@—(LWMQ

If p = 2, then we can define the inner product

<fvg>,u, = Eu[fg] :/ngd,u
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Lemma 2.13 (Contraction of Stationary Measure)

Let u be a stationary measure. Then,

1P f oy = (11 Eo () = Eul P17

Now, we can construct reversed Markov processes.

Definition 2.13 (Reversed Markov Process)

Let {X,})_, be a discrete time Markov process with transition operator P = P; (and semigroup
(P, = P™)) and stationary distribution p. Then, fix N and let Y;, = Xy_,. Then, Y,, is a discrete
time Markov process with the dual transition operator P*, the adjoint of P satisfying

<f7 Pg>p. = <P*f7g>,u

for all bounded measurable f,g € L?(p).

Though we have given the reversed Markov process as a definition above, we can prove that this satisfies the

AL

Proof.

We can see how this definition realizes in a discrete space.

Example 2.9

Given S = {1,...,d} and function vectors f, g,

d
= /ngdﬂ = Zfigﬂ(l)
=1

and by definition of the adjoint, we must have

d d
(f.Pg),. Zfz (Pg)im(i) Zf(ZP(imgj)w(z’)
i=1 j=1

d d

d
=S P )70 = YR 0igin(i) = (£.0),
i=1 j=1 i=1
A Dbit of computation will show us that
.. P(j,0)m(y
P (i, ) = (4, )7 (5)

7 (i)
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and we can indeed check that

(P*1.9) Zgz(ZPufJ> i)
& (L PGTG)Y
—Zg(zf 10 n (i

d d
=3 6 PG i) 7))

jzl i=1 )
= ZJZ-(ZQZ-P(J',Z’))W J
= ng Pg);n(j) = (f, Pg)u

Note that P* also satisfies P*(i,j) > 0 and by definition of the stationary distribution 7,

ZP* i3) =30 P - S G at) = T =1

Jj=1 Jj=1

Note that the transition probability is computed using Bayes rule

P*(i,]) - ]P( m+1 *] ‘ Ym - 7’)
_ P(Yy, =i | Yy = J)P(Yiny1 = J)

P(Y,, = i)
_ P(Xn—m =1 | Xn—m—l = j)P(Xn—m—l = .])
P(Xy = i)

PG, i)0)
7 (i)
and {Y,,} also satisfies the Markov property.

P(Yit1 =3 | Ym =4,Ym-1=t4m-1,..., Yy = i)
CP(Yo =0, Yon1 = b1, Yon = i, Yius1 = )
P(Yo =d0,..., Yi—1 = im—1,Ym = 1)
P(X, =i0,- s Xn—nt1 = tm-1,Xn-m =&, Xn—m—1=17)
P(X, =d0,- s Xon—nt1 = tm-1, Xn—m = 1)
P(Xn = i07 ~7men+1 = im71 | anm = Z.aanmfl = j)P(Xn*m =1 | anmfl = j)P(anmfl = ])
P(X, =i0,- s Xm—nt1 = tm-1 | Xnem = )P(Xp—m = 1)
P(Xn = 7;07 v aXm—n+1 = im—l | Xn—m = Z)p(j,l)ﬂ'(])
P(X, =40, Xin—nt1 = tm-1 | Xn—m = 1)p(2)
_ p(U, ()
o p(d)
Thus, {Y,,} is a Markov chain with the indicated transition probability.

2.3 Reversibility (Detailed Balance)

Note that reversibility of a Markov process and a reversed Markov process are two entirely different things.
There is always a reveresed Markov process, but the fact that it is reversible is a much stronger condition.

17/
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Definition 2.14 (Reversibility)

The Markov semigroup {P,,} with stationary measure u is called reversible (or in the physics litera-
ture, is said to satisfy detailed balance) if P, is self-adjoint for every f,g, € L?(u). That is,

<fang>u = <me79>u

By the properties of the adjoint and the Chapman-Kolmogorov equation, we only need to check if P is
adjoint.

Note that if the Markov property is reversible, then assuming X ~ p, then

(P fs 9 = (f, Pmg)p = E[f (X0) E[g(Xnim) | Xn]]
= E[f(Xn) 9(Xntm)] = E[E[f(X) | Xntm)] 9(Xntm]

for every f,g € L?(u). So that in particular,

P f(@) = E[f(Xnim | Xn = 2] = E[f(Xn) | Xn4m =2

Example 2.10 (Detailed Balance in Finite State Space)

We know that if P is self adjoint, then its transition probability matrix will satisfy
P(j,1) 7(5)
7 (i)
which is the familiar detailed balance condition that we are used to. To see that this is a stronger

condition than P7 = 7, we sum over j on each side to get

Z P (i, j) m(i) = (i) ZP(M) =7(j)

P(i,j) = — P(,i)w(j) = P(i,j) = (i)

Remember that we could interpret (i) as the amount of water at x, and we send P(j,4)m(i) water
from node i to j in one step. The detailed balance condition tells us that the amount of sand going
from i to j in one step is exactly balanced by the amount going back from j to i. In contrast, the
condition wP = 7 says that after all the transfers are made, the amount of water that ends up at each
node is the same as the amount there.

Many chains do not have stationary distributions that satisfy the detailed balance condition.

Example 2.11

Consider the chain with

S5 5 0
P=|[3 1 6
2 4 4
There is no stationary distribution with detailed balance since w(1)m(1,3) = 0 but P(1,3) > 0 so we
must have 7(3) = 0. But this would imply that 7(3)P(3,7) = 7(i)P(4,3) for all i so we conclude all
7(i) = 0, which doesn’t make sense. In fact, the stationary distribution is (1/3,1/3,1/3) since P is
doubly stochastic.
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2.3.1 Metropolis-Hastings Algorithm

A huge application of Markov chains are in monte carlo algorithms, specifically the Metropolis-Hastings.
We begin with a Markov chain with transition probability ¢(z,y) that is the proposed jump distribution. A
move is accepted with probability

so the transition probability becomes

p(z,y) = q(z,y)r(z,y)

Why do we do this? Multiplying by r guarantees that m now satisfies detailed balance under p. Without
loss of generality, we can assume 7(y)q(y, ) > 7(z)g(x,y), and so we have

m(z)p(z,y) = m(x)q(z,y) 1

m(x)q(x,y)
T™Y)p\y,r) =7Y)Q\Y, L) ——~ -~ = 7))L, Y
W)p(y.2) = m(w)aly. ) T EEE = n(w)a(z.y)
which satisfies detailed balance.
2.3.2 Kolmogorov Cycle Condition
Let us take a motivating example.
Example 2.12
Consider the chain with transition probability
1—(a+4d) a d
p= e 1—(b+e) b
c f 1—(c+f)

and suppose that all entries are positive. To satisfy detailed balance, we must have m(z)p(x,y) =
m(y)p(y, z) for all z,y. So we must have

en(2) =an(l) fr(3)=0m(2) dn(l)=cn(3)
Multiplying the three equations gives abc = def, or in other words,

p(1,2)p(2,3)p(3,1) _ LbC _
p(2,1)p(3,2)p(1,3)  def

Definition 2.15 (Kolmogorov Cycle Condition)

Given a finite irreducible Markov chain with state space S. We say that the cycle condition is satisfied
if given a cycle of states xg, x1,...,z, = x¢ with p(z;—1,z;) > 0 for 1 < i < n, we have

n

n
Hp(xz‘—l, z;) = Hp(l‘iy Ti—1)
i=1

i=1
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Theorem 2.14

Given a Markov chain S with transition probability p, there exists a stationary distribution = that
satisfies detailed balance if and only if the cycle condition holds.

2.4 Ergodicity

Now, we want to talk about "well-behaved" Markov processes that have a limiting distribution that is the
stationary measure, i.e. the process will eventually end up in its steady state p,, — p as n — 400 even if it
is not started there. That is, given some fixed initial condition Xy = z, is it true that

E[f(X,) | Xo=a] = E,[f] asn — o0

Definition 2.16 (Ergodicity)

The Markov semigroup (FP,) is called ergodic if

Puf = pu(f) = Ep[f]

as n — +oo for every f € L?(u) (i.e. converges to the constant function uf = u(f)). That is, if
we would like to measure X,, ~ p, with f, then far enough in time this measurement converges to
measuring X ~ p with f. Since this applies to all f (think f = 14), we can determine that p,, — u as
n — +o00.

The following theorem determines whether a chain is ergodic, but note that we don’t know anything about
the rate of convergence to the stationary measure.

Theorem 2.15

If Markov process {X,,} with stationary measure p and semigroup (F,) is irreducible, then (P,) is
ergodic.

Theorem 2.16

Suppose |S| < co. If the chain is irreducible and all states positive recurrnent, then there always exists
a unique stationary distribution 7. If the chain is also aperiodic, then for any initial distribution v,

lim vP* =~
k— o0

Hence

lim P®) (z,y) = 7(y)
k—o00

for all z,y € S. Furthermore, for any measurable function f :. S — R, the limit

tim 3" F(X0) = 3 fo) wla) = B(f(x)

N—o0
zesS

holds with probability 1. In particular, the limit does not depend on the initial distribution.

Proof. The Frobenius Extension to Perron’s theorem (Linear Algebra, Theorem 7.31) combined with
its applications to stochastic matrices (Linear Algebra, Theorem 7.30) proves this statement.
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The next result describes the limiting fraction of time we spend in each state.

Theorem 2.17 (Asymptotic Frequency)

Suppose we have a finite Markov chain with p irreducible and all states recurrent. Then, let

Nn(y) = Z ]'Xi:y
i=1

be the number of visits to y up to time n. Then,

N, 1
v
n E,[T,]
If the chain is aperiodic, then we also have
1
m(y) =
Ey[Ty]

Theorem 2.18

Suppose that a chain is irreducible and there exists stationary distribution 7. Then,

n

% > P (y) = 7(y)

m=1

Thus while the sequence p™(z, y) will not converge in the periodic case, the average of the first n values
will.

3 Poisson Processes

3.1 Exponential Distribution

Let us do some review. The exponential distirbution of rate \ is a random variable T ~ Exponential(\)

with CDF
Frit)=P(T <t)=1—e*
and the PDF
de M >0
t) = =
et { =0
We have
1
E[T] = <, Var(T) = 2

Lemma 3.1 (Memoryless Property)

The Exp(A) distribution has the property that for all ¢, s > 0,

PW>t+s|W>t)=P(W >s)
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which is called the memoryless property. We can interpret this in the following way. Let W be the time
you have to wait for the first arrival. Given that you already waited ¢ units of time, the probability
that you have the wait s additional units of time is just the probability that you wait at least s from
the beginning. That is, knowing that ¢ units of time have elapsed does not affect the distribution of
the remaining waiting time.

Theorem 3.2

Let W be a continuously distributed random variable. Then W ~ Exp(\) for some A > 0 if and only
if W satisfies the memoryless property.

Theorem 3.3

Let T; ~ Exponential(\;) for i = 1,...n. Then,

min{71y,...,T,} ~ Exponential(A; + ...+ \;)
and the random variable I which takes the index of min{7,...,T,} has the PMF

3.2 Defining the Poisson Process

We first describe a limiting behavior of binomial random variables.

Theorem 3.4 (Poisson Limit Theorem)

Let X,, ~ Bernoulli(n, p,), where {p, }nen is a sequence of reals in [0, 1] such that

lim np, = A
n—oo

Letting Y ~ Poisson(\)

X, 5y
That is, the CDFs, and since this is a discrete distribution, the PMFs, converge.
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Proof. We will show that lim,_,. P(X,, = k) = P(Y = k), which shows that the CDFs converge and
therefore convergence in distribution.

. o T n k . k
lim P(X, = k) = lim_ (k Pn(1—pn)
k n—k
~ lim nn—1)...(n—k+1) (A lfé
n—00 k! n n
k k—1\ \k n—k
_ g PO )’\<1—’\)
n=oo k! nk n

Note that this is different from CLT because in CLT, we just assume that the p,’s are constant and take the
limiting behavior of X,, ~ Bernoulli(n,p) as n — oc.

This result justifies the following model. A Poisson Arrival Process with rate A > 0 on the interval [0, c0) is
a model for the occurrence of some events which may have at any time. We can interpret the process as a
collection of random points in [0, c0) which are the times at which the arrivals occur. Suppose that we would
like to model the arrival of events that happen completely at random at a rate A per unit time. At time
t = 0, we have no arrivals yet, so N(0) = 0. Let us fix some 7', and now divide [0,7") into n tiny subintervals
of length 4.

Assume that in each time slot, we assign a X} ~ Bernoulli(\d) random variable that determines whether
there was an arrival within the interval ((k — 1)d, k6]. So with probability Ad, there will be an arrival within
it, and as the time interval gets smaller, this probability also gets smaller too. Since every n subinterval is
Bernoulli(Ad), the number of arrivals in the interval [0,T), defined as the random variable N, (T), is

AT
N, (T) ~ Binomial(n, Ad) = Binomial (n, —)
n
As we increase the n (equivalently, decrease ¢), we divide [0, T) into smaller and smaller subintervals, resulting

in finer and finer N,,(T) Binomial distributions. Since np,, = n% = AT is finite, we can invoke the Poisson
limit theorem and say

N, (T) EEN Poisson(AT')

Note that the starting point 0 does not matter, and this works for any interval of length T. Therefore, we
can model the arrival times on any interval of length T as a Poisson(A\T") random variable.

Definition 3.1 (Poisson Process)

Let A > 0 be fixed, representing the rate of arrival in some unit time. The stochastic counting process
{N(t)}+>0, where N (t) represents the number of arrivals by time ¢, is called a Poisson process with
rate A if

1. N(0)=0
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2. The number of arrivals in any interval of length s > 0 is N(t + s) — N(t) ~ Poisson(As)
3. N(Tt) has independent increments, i.e. if top <1 < ..., < t,, then

N(t1) = N(to), ..., N(tn) — N(tn_1)

are independent.

3.3 Constructing the Poisson Process

Now we have modeled this process using random variables N(¢) that counts the number of arrivals up to
time t. Now, we can interpret it using random variables that represent the time in which they arrive.

Definition 3.2

Set Ty = 0. The arrival times are random variables 0 < T} < Ty < T3 < ... such that the inter-arrival
waiting times

T =T —Tp—1, k>0
have the property that {W3,}32, are independent Exp(\) random variables. Define

N(s) =max{k | Tj, < s}

Now we prove that this process is equivalent to the Poisson process defined before.

Theorem 3.5 (Equivalent Interpretations)

Let {T,} be defined as above and N(s) := max{k | T < s}. Then,
1 N(O) 0
N(s) ~ Poisson(As)
N(t+ s) — N(t) ~ Poisson(As) independent of N(r) for 0 < r < s.
N(t) has independent incremements.
N(s) = max{k | T < s} is a Poisson distribution with mean As.

4 Continuous-Time Markov Processes

As the name suggests, in a continuous time Markov process X;, the time parameter is continuous (¢t > 0).
As before, the system jumps randomly between states in .S, but now the jumps may occur at any time and
they occur randomly. This implies that there are two sources of randomness:

1. where the system jumps, which is determined by the transition probabilities, and

2. when the system jumps, which is called the holding time

Definition 4.1 (CTMP)

Let (92, F,P) be a probability space and (S, S) a measurable space. Then, a homogeneous continuous-
time Markov chain is a stochastic process {X;};>o taking values in S (i.e. X;: Q — S) satisfying
the Markov property: for every bounded measurable f and and ¢,s > 0,

E[f(Xets) [ {Xr}r<t] = E[f (Xi4s) | Xe] = (Ps f)(X2)

This again says that the probability of X; s does not depend on the history {X, =i,},<;, but on the
current value of X;.
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Just like the discrete-time case, to describe random variable X;; s with function f, we can pull back the
function to compute

E[f(Xors)] = E[E[f(Xess) | XiJ] = E[(P,f)(X0)] = /S Puf dpy

which integrates a new function P;f over the measure p;.

Example 4.1 (Transition Operator as a Matrix in Discrete Space)

Let us have a discrete space S = {1,...,d} with indicators 1g; for i = 1,...,d. Let x; represent the
column vector of the PMF of X;. From the same work as shown for discrete time Markov processes,
we can let f = 1y;; and compute the probability of X, landing in each point j € 5, since that is
what we’re interested in for discrete probability distributions.

pt+s( ) P(Xt-i-s = ])
= E[l3 (Xi4s)]
=E[E[1} (Xevs) | Xi]] =E[P:1(;(X¢)]
= / E 1{J} Xt+5 | Xt]dpt = / Psl{j} (Xt) dpt
s
- Z [(Xirs = | Xy = i]P(X, = i) =3 Pl (0)P(X, =1)
es icS

which can be summarized as

d
Prys(] ZP Ly Dpe(i) = Y P(Xiys = | X =) pe(i)

i=1
We can compactly organize the probabilities of these internode travel inside a d x d right stochastic
transition matrix
Psl{l}(l) e Psl{l}(d) ]P(Xt+5 = ]. | Xt = ].) . o ]P)(Xt+s = d | Xt = 1)
Po=| ] = z z
Pl (1) ... Py (d) PXyps=1|Xe=d) ... PXpps=d| Xy =4d)

and compactly write the above equation as

pg—i—s Py P

Lemma 4.1

P, is linear. That is, for t,s > 1, o, 8 € R, and bounded measurable functions f, g,

P(af +B8g) =P, f+ BPyg

Proof. By linearity of conditional expectation,

(Ps(af + Bg))(Xi) = E[(af + Bg)(Xiys) | Xi]
E[(af)(Xits) | Xi] +E[(Bg)(Xeys) | Xi]
a(Ps f)(Xt) + B(Psg)(Xy)
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We can now interpret linearity and the Markov property in the discrete space.

Example 4.2 (Markov Property in Discrete Space)

If we wanted to extract information from X; with function f (i.e. compute E[f(X;)]), we can calculate

fi
E[f(X)] =pif=(pe(1) ... pe(d) ] :
fa
Now, say that s units of time later, we want to extract information f from X, by computing
fi
E[f(Xits)] = PtT+sf = (pt-i-s(l) pt-i-s(d)) :
fa

The problem is that we don’t know what the distribution of X4, is (i.e. don’t know p¢ys(4)), so we
get its expectation by conditioning it on X;, which realizes as taking the expectation of a different
function Psf with respect to p;.

(Psf)
Elf(Xits)] = E[E[f (Xi4s) | Xi] = E[(Pf)(X0)] = (pe(1) .- pe(d) |
(Psf)a

It turns out that this transformation f — Pgf (from row vector to row vector) is linear, and so we can
interpret Py as f that has been left-multiplied by some transformation matrix Ps.

(P5f>1 fi
(pe(1) ... pe(d)) : =(pe(1) ... pe(d)) | Ps :
(PSf)d fa

Psf

It turns out that this Py acts linearly on f through left multiplication, but we can also right-multiply
pt by Pg to get the new distribution of X!

(PSf)l S
(pe(1) ... pi(d)) : =(pe(1) ... pe(d)) | Ps :
(Psf)d fd

pPiPs=p],

Therefore, it turns out that the linearity of Py on f implies linearity of it on the vector py.

Now focusing on f = 14, we can define the following.

Definition 4.2 (Transition Probability)

Let us have Markov process (X;) with operator P;. The function ps : S x & — R defined

ps(x, A) == Psla(x) =E[la(Xpys) | Xe = 2] =P( X5 € A| Xy = 2)

is the transition probability, or transition kernel, of this chain. Note that
1. For each x € S, A — pg(x,A) is a probability measure on (S,S). This means that if we are in
some place x at time ¢, then the probability that we will land in some subset A € S of S at time
t+ s is ps(x, A).
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2. For each A € S, P14 = ps(+, A) is a measurable function.
The transition kernel density is simply the pdf of the measure p;(z, ).

ps(z, A) = /Aps(l‘,y) dy

Note that in the matrix realization of the example above, it looks like P, acts on the distribution p; to get
a new distribution p;4, but this is not strictly the case since P; is an operator on f. However, for the sake
of intuitiveness, we can interpret Py in two ways:

1. It operates on the measure p; by pushing it forward in time to get ps4s. This operator is defined as

Pt — pt—i—s(') = ps(Xt7 )

which corresponds to the matrix multiplication pj +— pi. s = pIPy

2. Tt operates on the function f (at X;ys) by pulling it back to Psf that operates on X;. This operation
f — Psf corresponds to the matrix multiplication f — Pgf.

Either way, we can think of the order of operations as either (pf Ps)f or pf (Psf).

Just like stochastic transition matrices, we can also deduce a semigroup property of the collection (Ps)s>0.

Lemma 4.2 (Chapman-Kolmogorov)

{P;} satisfies
Piysf = PP f

for all ¢,s,> 1, with Py = I, the identity.

Proof. We can easily see that (Pof)(X:) = E[f(X:) | Xi] = f(Xy), and

(Prts ) (Xn) = E[f(Xntt4s) | Xn]
[E[ ( n+t+s | Xn-i-t)] | Xn]
= E[(Ps f)(Xntt) | Xn]

= (P(Ps f))(Xn)

= (PPsf)(Xn)

We give one final condition.

Lemma 4.3 (Conservativeness)

{P;} satisfies
P1=1

for all ¢ > 0, where 1 = 1g is the constant function of 1.

Proof. This is trivial since it is just the law of total probability. That is, 15(X;) = 1, and
(Psls)(Xe) = E[1s(Xets) [ Xi]

and note that o(X;) is a finer o-algebra than that generated by 15(X¢s), meaning that the right hand
side is equal to 1g(X;ys) itself, which equals 1.
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Example 4.3

Given the transition matrix
Pilg;(1) Pilg13(d)
P.o=| z

note that by linearity of Py and the fact that {j} forms a partition of S, we have a
E:Uihﬂﬂw==P§<§:Hﬂ>}@)Z(ﬂld@)=ls@):1
jes jes

which means that the columns must sum to 1.

Example 4.4 (Markov Chain with Continuous Jumps)

Let N(t),t > 0 be a Poisson process with rate A and let Y,, be a discrete time Markov chain with
transition probability w(i, j). Then, X; = Yy is a continuous time Markov chain that takes one jump
according to u(4,j) at each arrival time N ().

4.1 Generator

In the discrete time case, we had P, = (p1)? for t € N, and from the Chapman-Kolmogorov equation, knowing
p1 allows us to compute p; for all ¢t € N. Likewise, if we know the transition probability for some ¢t < tg
for any ty > 0, we know it for all t. This observation suggests that the transition probabilities p; can be
determined from their derivatives at 0.

We now define the analogous operator to the transition rate matrix in continuous-time chains with a finite

state space. This is a natural extension, since we are just taking the right-derivative of P; at ¢t = 0.

Definition 4.3 (Generator)

The generator . is defined as
Pf_
2f =tim T =S
tl0 4
for every f € L?(u) for which the above limit exists in L?(u). Intuitively, .2 f represents the instanta-
neous rate of change of the measurement f. The set of f for which .Z f is defined is called the domain

Dom(¥) of the generator, and % defines a linear operator from Dom (%) C L?(u) to L?(p).

We have defined the generator .Z from the Markov semigroup {P; };>o. Now, let’s try to define the semigroup
in terms of the generator .. Given that we have some map %), can we define some semigroup { P; } satisfying
the definition? We know that by the semigroup property, we can split P, into P, P}, and Pj, P;, from which

we get the Kolmogorov backward equation and the forward equation, respectively.

d . P — B . P(P,—1) . Py -1

— P = =1 =P 1 =P,

dt t TRl h no  h o 1z
P, — P, P, — 1P, P, -1

A g Pen =P P DR () BT p g,

dt h10 h hl0 h h10

From which we see that the generator . is commutes with the semigroup
fpt == Ptﬁ

and solving this differential equation gives
Pt — Gtg
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Let’s observe how this generator acts on the indicator functions f = 14. Note that Ps14(i) = P(X;ys € A |
X =1i).
. . Ppla—14 Ppla(i) —1a(d)
1 = | lim ———— =lim ————~=
(Z14)(7) < iﬂ% h >( )= h10 h
and so (Z14)(4) represents the infinitesimal rate of change of the probability that X; will be in A given that
it is at 1.

Now, how does the generator realize into the finite state space?

Example 4.5 (Transition Rate Matrix)

We know that the semigroup operator P; is equivalent to the transition matrix

P(1,1) ... P(l,d)
Pe=| .
P(d,1) ... Py(d,d)

Let’s say that we have the function f = ), s c;1¢;), which realizes as the function vector f, and we

have generator .. We know that P, f realizes as the matrix multiplication Pf, and so we can define
the transition rate matrix Q satisfying the equation

. Ppf—f . Pn-—1
Qf = fim =5— = Q= lip =
This derivatives has entries
. Py(i,j) e
o .. lim —2 f

Qi) = 2| Puig) = tim Prlod) Polid) _ Ja%o h i
’ dt|,_, o h—0 h . Pu(ii)—1 ..
lim ————  ifi=j

h—0 h

representing the flow of probability from ¢ — j. Note that by the law of total probability,
SR =1 = g TP =Y g Puid) - 32000 =0
- ’ dt |, < ’ — dt],

So the diagonal entries is simply Q(i,4) = — >, ; @(4, j). This realization Q is consistent with the way
&£ operates. Given f =3, fil;3, and not worrying about whether we evaluate a limit of functions or
the limit of evaluations, we can get

(Zf)) = [i”(Zle{y})] (Zfafl{a}) Zfﬂ (L1g3)()

j=1 j=1
Pulgy(i) = 150)\ & _Pu(i,5) — Poli, j)
;f(léfol T >_ij(lﬁfol h )

j=1

<.

d
=>Q(i,j)f; = (Qf);

=1

<.

and therefore, setting f = 1;;, we get

L1 0) = Q>j,1)
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Example 4.6
Given a two-state Markov chain, {0, 1}, with some A > 0. Then, we can model our transition probability
matrix as
1 1,-2x 1 _ 1_,-2xt
+ 5e 5 — 5€
Py = (% T on 1.1 2)\t)
T\ g tge

Its generator matrix is

4.2 Classification of States
4.2.1 Holding Times and Jumping Times

Now, we would like to find how long a chain stays at a state z € S.

Definition 4.4 (Holding Time)

Let {X;}+>0 be a continuous time Markov chain, and define T, to be the holding time at z.

Xy=z, T,=inf{s>1t X;+#x}

We can characterize the distribution of T, but first we define the following.

Definition 4.5 (Memoryless Property)

A random variable X has the memoryless property if it satisfies for all t,s > 0

P(X >s+t]| X >t)=P(X > )

which is just abuse of notation for the following: We know that (¢, 00), (s,00), and (s+¢,00) are all in
R and so they are events. So it really translates to the probability of an outcome landing in (s + ¢, 00)
given that it lands in (¢, 00) is equal the probability of it landing in (s, 00).

~ Px((s+t,00)N(t,00)  Px((s+t00))
]P’X((s +t,00) | (t,oo)) = IP’X((t, OO» = IP’X((t,oo)) = IP’X((s,oo))

The exponential random variable is memoryless because the LHS just reduces to

Px((s+t00) 1= Fx(s+t) e+ 0 Fx(s) = Px((s,00))

Px((t,00))  1—Fx(t) e
Theorem 4.4
The only continuous random variable having the memoryless property is the exponential random vari-
able.
Theorem 4.5

T, has the memoryless property.
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Proof. We can show that

Pl >t+s|Ty>t)=P(Xy=z,uelt,t+s]| Xy =2, uecl0t])
=PX,==xz,u€t,t+s]| Xi=2x)
=P(T, > s)

Therefore, we know that T, must have the exponential distribution, and for each x, we have T, ~ Exp(A;).

4.2.2 Irreducibility

Definition 4.6 (Irreducibility)

The Markov chain X; is irreducible if for any two states i, j € S, it is possible to get from 4 to j in a
finite number of steps. To be precise, there is a sequence of states kg =i, k1,...,k, = j s.t.

Q(km—h km) >0

Lemma 4.6

If X; is irreducible and ¢ > 0, then P;(i,5) > 0 for all 7,5 € S.

4.3 Stationary Measures

Recall that the Markov process (X;);>o evolves, and this evolution can be described by the sequence of
measures (p¢)¢>o for each X;. If we would like to measure X, ; with function f, we can calculate E[f(X;1)] =
E,,..[f], but we don’t know p;; . Fortunately, we can "pull back" the f to compute the equivalent

Eﬂt+s [f] = E[f(Xt-i-s)} = E[]E[f(Xt-‘rs) ‘ Xt]] = E[be(Xt)] = ]Ept [Psf]

which essentially measures X;; s with f by measuring X; with P, f. Now, we want to construct a stationary
measure that captures the fact that if a certain state X; ~ p; = p follows a stationary measure, then the
measure of future Xy ~ pss = p also. If p is stationary, then both pyys = pr = p, and this is equivalent
to

Eulf] = Eu[Psf]

for all measure f and s > 0. This will be the definition that we will work with. To help with the interpretation,
we can restrict the case to f = 14 to get P(X; € A) = P(Xyys € A) for all A € S, which means that the
probability of X, realizing in A is equal to the probability of X; realizing in A. In summary, stationary
measures describe the equilibrium or steady-state behavior of the Markov process.

Definition 4.7 (Stationary Measure)

A probability measure p is called stationary or invariant if

E,[f] = E,[P; f], conventionally written as u(f) = p(P.f)

for all ¢ > 0 and bounded measurable f. This is a property of the measure. We can describe the way
it operates on the measure as if p; = u, then

31/ 3§



Stochastic Processes Muchang Bahng Spring 2023

Prrs(1) = ps(Xt, ) = pr

To give a pictorial interpretation, imagine an initial distribution Xy ~ py as some amount of sand placed on
the state space S (either as a continuous mass or mounds on discrete nodes). As time flows continuously, the
distribution will evolve to X; ~ p;, where a different mound of sand will form on S. If py = u, then the flow
of sand between the nodes will balance each other out, and we still have the same amount of sand p; = u
after each step. The discrete case is simpler, since we can just imagine there being 7 (i) of sand at node ¢,
and P (i,7) of its proportion of sand flowing from node ¢ to j after time ¢. Therefore, all the sand flowing
out of 4, which is 2?21 P:(i,j)m(i) = 1, balances out with the flow of sand into 4, which is Z;l:l P(j,9)m(j).

d d

1= P(i,j)m(i) =Y P(.i)m(j)

i=1 j=1

and doing this for all ¢ realizes into the matrix equation 7w = 7wPs.

Example 4.7 (Stationary Distribution in Discrete Space)

Given discrete state space S = {1,...,d}, our stationary measure p can be represented by the all
familiar row vector

m=(r(l) ... w(d)=(u({1}) ... p({d})

Given the PMF vectors py = 7 and pi4s = 7 and some measurable function f = (fi,..., fq), the
stationary distribution property says that

E[f(Xnim)] = E[(Pnsf)(Xn)] <= nf = nPuf

which means that Psf will act on 7 the same way that f does (though Psf # f). We can also interpret
7 as the eigenvector of Pg with eigenvalue 1 since pyys() = ps(Xe, 1) = pe().

Theorem 4.7

If i is a stationary measure of a continuous-time Markov process with generator ., then

wZf)=0
for every f € L?(u).

Proof. Not worrying about interchanging limits and integrals, we have

w2 =Bz = [ 1m0y

. Pf-Rf
= lim ——du
tl0 Jg t

.1 1
= ltlﬁ’)lg(EM[Ptf] —E,lf]) = ltli(r)lg 0=0

For a finite state space, this theorem reduces to the following.
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Corollary 4.8

7 is a stationary distribution of a continuous time Markov chain if and only if

Q=0

Proof. To prove the if, we have

t2Q2
2!

7TQ:0:>7TPt:7T€tQ:7T(I+tQ+ +...>=7T+0+...:7T

To prove the only if, we have

d d
mP=1m = 0:£7T.Pt:7TaPt:7TQPt = 1Q =0

Theorem 4.9

If a continuous-time Markov chain X; is irreducible and has a stationary distribution 7, then

tll}gopt(%]) = 7T(j)

4.3.1 Uniqueness
TBD TBD

4.3.2 Reversed Markov Process

From now, given the state space (S,S) we can put a measure p on it to get a measure space (S, S, u). The
Banach space of all y-measurable functions f : (9,8, u) — (R, R) (i.e. for every Borel B € R, f~1(B) € S)
will be denoted LP(u), equipped with the norm

1/p
1 gy = B lf7)/7 = ( / |f|”du)

If p = 2, then we can define the inner product

(fs9)u = Eu[fg]=/sfgdu

Lemma 4.10 (Contraction of Stationary Measure)

Let p be a stationary measure. Then,

1P ery 2 W lloe gy = EulfP1H?

Now, we can construct reversed Markov processes.

Definition 4.8 (Reversed Markov Process)

Let { X, }o<t<T be a continuous time Markov process with semigroup (P;);>o and stationary distribution
. Then, fix T and let Y; = X7_;. Then, Y; is a discrete time Markov process with the dual transition
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operator P}, the adjoint of P; satisfying

<fa Ptg>,u = <Pt*f7 g>#
for all bounded measurable f,g € L?(p).

ar

Though we have given the reversed Markov process as a definition above, we can prove that this satisfies the

Proof.

We can see how this definition realizes in a discrete space.

Example 4.8

Given S = {1,...,d} and function vectors f, g,

d
= /ngdu = ;figﬂ(l)

and by definition of the adjoint, we must have

and we can indeed check that

(Prf,g)n = Ed:gi(

d
>0 2 ) )60

d d
=330 £iPu(G i) ()

j=1i=1

Ed: (ZgthL) (4)

d
Z (Peg);m(j) = (f, Peg)u

d d d
=S o LRI ) = PR gm0 -

Note that Py also satisfies P{(¢,7) > 0 and by definition of the stationary distribution ,

<Pt*fv g>ll«
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d

.. . d .
>oPilid) = 3 T - S Pt) = T -1

. , us
Jj=1 Jj=1

Note that the transition probability is computed using Bayes rule

PI(i,j) =P(Yirs =7 | Y =)
IP(Yt =1 | Yt-i-s :j)P(YH-s :.7)

P(Y; =)
CPXr =i Xp 4 s =j)P(Xp_y_s =)
P(X1—; =0

P.(j,)7(5)
(1)

4.4 Reversibility (Detailed Balance)

Note that reversibility of a Markov process and a reversed Markov process are two entirely different things.
There is always a reveresed Markov process, but the fact that it is reversible is a much stronger condition.

Definition 4.9 (Reversibility)

The Markov semigroup { P, } with stationary measure y is called reversible (or in the physics literature,
said to satify detailed balance) if P, is self-adjoint for every f, g, € L?(u). That is,

<faPSg>,u = <Psfvg>lt

Since P, = %%, this condition is equivalent to .Z being self-adjoint.

Note that if the Markov property is reversible, then assuming X ~ p, then

(Psf,9)u = ({f, Psg)p = E[f(Xt) E[g(Xi45) | Xi]]
= E[f(Xt) 9(Xi4s)] = E[E[f(Xt) | Xits)] 9(Xets]

for every f,g € L?(u). So that in particular,

Psf(x) = E[f(Xiys | Xo = 2] = E[f(X3) | Xiys = 7]

which means that the reversed process follows the same law as the forwrad process.

Example 4.9 (Detailed Balance in Finite State Space)

We know that if P; is self adjoint, then its transition probability matrix will satisfy

P15 = P00

which is the familiar detailed balance condition that we are used to. To see that this is a stronger
condition than wPy = 7r, we sum over j on each side to get

D_Pslisj)m(i) = (i) 3 Pa(irg) = 7(j)

= Py(j,1) m(j) = Ps(i,5) 7 (i)

35/ 3§



Stochastic Processes Muchang Bahng Spring 2023

Remember that we could interpret m(i) as the amount of water at x, and we send Ps(j, )7 (i) water
from node i to j in one step. The detailed balance condition tells us that the amount of sand going
from i to j in one step is exactly balanced by the amount going back from j to i. In contrast, the
condition wPg = 7 says that after all the transfers are made, the amount of water that ends up at each
node is the same as the amount there.

4.5 Ergodicity

Now, given a Markov semigroup P, with generator £ and stationary measure p, we know that Xo ~ p
implies Xy ~ p for all times ¢. It is natural to ask whether the Markov process will eventually end up in its
steady state even if it is not started there, but rather at some fixed initial condition. That is, given X, = =,
is it true that

ELf(X,) | Xo = ] = uf = E,[f] as t — o0

If this is the case, the Markov process is said to be ergodic.

Definition 4.10 (Ergodicity)

The Markov semigroup (F;) is called ergodic if

Ptfﬁﬂf:Eu[f]

as t — +oo for every f € L?(u) (i.e. converges to the constant function pf = u(f)). That is, if
we would like to measure X; ~ p, with f, then far enough in time this measurement converges to
measuring X ~ p with f. Since this applies to all f (think f = 14), we can determine that p, — p as
t — +oo.

The following theorem determines whether a chain is ergodic, but note that we don’t know anything about
the rate of convergence to the stationary measure.

Theorem 4.11

If Markov process {X;} with stationary measure pu and semigroup (P;) is irreducible, then (F;) is
ergodic.

5 Martingales

Let us first start with the discrete-time martingale for simplicity. In introductory courses, a martingale
might be defined as a stochastic process satistying

Xn = E[X7L+1 ‘ Xos .- 7Xn]

for all n, which models a "fair game." They also may construct the random variables {X,,} first and then
define the filtration as the sequence of o-algebras o(Xi,...,X,). In here, we will construct the filtration
{F.} first and then define the random variables to be adapted to the filtration if X,, is F,,-measurable for
each n € N.
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Definition 5.1 (Discrete-Time Martingale)

Given a probability space (Q, F,P), let F = {F,}nen be a filtration (an increasing sequence of o-
algebras). A sequence {X,} is said to be adapted to {F,} if X,, is Fj,,-measurable for all n. If the
stochastic process {X,, }nen is a sequence with

1. E[X,] < oo for all n,

2. X, is adapted to Fp,

3. E[Xpnt1 | X1,.-., Xn] = E[Xpt1 | Fn] = X, for all n,
then {X,} is a martingale. If E[X, 11 | F,] < X, or E[X,, 41 | Fn] > X, the {X,,} is said to be a
supermartingale or submartingale, respectively.

A martingale just represents a sequence of random variables that get finer and finer as the o-algebra increases.
While they do get finer and finer, they do not change the "average" of the function. For example, consider
the filtration generated by finer subsets of the unit interval Q = (0, 1]. We have

1. .7:() - {@,Q}
2. F1 = 0((0,0.5], (0.5, 1))
3. Fo = 0((0,0.25], (0.25,0.5], (0.5,0.75], (0.75, 1])

Then, we would have

Y erxiz] A 1+ Exin7
> pr— -
ELENATED] G e [
thonge chege | ELEDXIET]~ELX]
> : rd t >
3 2 1 P oS 1 0 01 05 a1 1

A supermartingale (and submartingale) just means that as we make the function finer and finer, its mean
goes down (or up).

Martingales are used to model lots of random walk events. In the following three examples, let &1, &, ...
be iid, and let S,, = Sp + & + ...+ &,., where Sy is a constant. Let F,, = 0(&q,...,&,) for n > 1 and let
Fo = {Q]a Q}

Example 5.1 (Linear Martingale)

Let = E[¢;] = 0. Then, {S,} is a martingale with respect to F,,. We show the three requirements:

1. E[S,] =E[So] +E[&1] + ... + E[&,] = So < c0.

2. By definition, we know that & is o(£)-measurable for all i € [n], so &; is F,, = o(&1,...,&n)-
measurable. Since the set of F,-measurable functions has a vector space structure, S, is also
Fn-measurable.

3. We can simply solve

]E[Sn-i-l | fn] = E[Sn | -/—"n} + E[§n+1 | JT"n] =X, + E[S“-’-l} =X,

where the first equality follows from linearity. For the second equality, note that S, is JF-
measurable from above, and so the best F,,-measurable approximation of X is X itself (i.e. we
have complete information). We know that £,11 is independent of the &;’s, and so by defini-
tion their o-algebras are independent. This implies that o(£,41) and F,, = o(&1,...,&,) are
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independent, and so due to irrelevant information, E[&,+1 | Frn] = E[{n+1]-
If £ < 0or > 0, then the computation above shows that E[S, 11 | Fn] < 0 or E[Sp41 | Fn] > 0,
making it a supermartingale or submartingale, respectively.

Given a supermartingale or submartingale, we can change it to be a martingale.

Example 5.2

Given that p = E[¢;] # 0, then {S,, — nu}is a martingale with respect to F,,. We can see this because

E[Sn-H —(n+1p ‘ -7:71] = E[Sn —nu | -7:71] +E[€n+1 — | -7:71]
=Sy —np+El§1] —p
=5,—n

Example 5.3 (Quadratic Martingale)

ay p =E[¢] =0 and 0° = Var(§;) < co. Then, —no“} is a martingale.
S E do? =V Th S2 21 i ingal

E[Sy 41 — (n+1)0? | Fu] = E[(Sn + &n41)® — (m1)o? | Fyl]

]E[Sz — TLO’2 | f71] + E[angn—i-l + 52—0—1 - 02 ‘ ‘Fn]
E[S? — no? | Fo] + 2E[Snén+1 | Ful + E[E2 4] — 0°
E[

S% —no? | Fl

where we have used the fact that due to independence of &,11 with F,,, we have E[S,&,+1 | Fn] =
E[SHE[£n+1 | Fn]] = ]E[Sn : 0} =0.

This following result shows that martingales with bounded increments either converge or oscillate between
400 and —oc.

Theorem 5.1

Let {X, }nen be a martingale with | X, 11 — X,,| < M < co. Let

C ={lim X, exists and is finite}
n—roo

D ={lim sup X,, = +oo and lim inf X, = —o0}
n—oo n— oo

Then P(CU D) = 1.
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